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CHAPTER 1

Motivation

An L-function is a series of the form
= a
L(s) = n—z, seC, a,eC

n=1

(which converges for Re (s) big enough) that has an Euler product and satisfies a
certain type of functional equation. In particular, it is a meromorphic function on
the complex plane.

Such a function becomes interesting if it can be associated with an interest-
ing mathematical object. Indeed, as we shall see, already the analytic properties
mentioned above can tell us a lot about the underlying object, and the additional
knowledge on zeros, poles, special values of L(s), etc. provide even better under-
standing. And there are many objects out there that can be studied via L-functions!
This includes prime numbers and - more generally - prime ideals in number fields,
elliptic curves and algebraic varieties, modular and automorphic forms, and many
more.

There are also situations (broadly known as the Langlands Program, and in
general far from being proven) when two families of L-functions - coming from a
priori unrelated areas of mathematics - coincide. Such phenomena provide bridges
between these areas of mathematics and allow a transfer of results from one side to
the other. Perhaps one of the most famous examples is the connection between L-
functions of elliptic curves defined over Q and modular forms, which was the crucial
ingredient in Andrew Wiles’ proof of Fermat Last Theorem.

Below we list some results which follow from good understanding of the analytic
properties of L-functions. An explanation (whenever indicated) and more extensive
list will be given throughout the lecture.

1. The Riemann (-function

This well known L-function is defined as

((s)=> n"

5



6 1. MOTIVATION

The fact that it has a pole at s = 1 implies that there are infinitely many prime
numbers (see Corollary 2.3). If we look closer, we find that this pole is simple and
with the residue Res;—; ((s) = 1, which may be used to provide an estimate for

m(z) = #{peP:p<ux}

(see [7, Section 1.1.3]). Furthermore, the facts that {(s) has a meromorphic contin-
uation and that

C(s) #0 whenever Re(s) =1

imply
Theorem 1.1 (Prime Number Theorem)
x
m(e) ~ logz’
where f(z) ~ g(z) means lim L&) = 1.

z—o0 9(T)

This theorem' could be stated equivalently as

odt

o Int’

And in fact, the bigger the zero-free region for ((s), the better an estimate for

|m(xz) — Li(x)| (see Important Remarks in [2, Section 10.7.1]). The best known
approximation may be achieved if one assumes

m(x) ~ Li(zr), where Li(x)=

Riemann Hypothesis All non-trivial zeros of ((s) have Re(s) = 3.
Namely, then there exists a constant C' so that for all z big enough

Im(x) — Li(z)] < Cv/zlogw.
Actually, this bound is equivalent to Riemann Hypothesis itself!

2. Dirichlet L-functions

It is possible to generalise ((s) slightly in order to study the number of primes
in arithmetic progressions, that is,

#{peP:p<x p=amodm},

where m > 1 and a € Z are coprime.

!For a historical account on the Prime Number Theorem see [4]; for a proof consult [2, Section
10.7].
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We define a Dirichlet L-function to be the meromorphic continuation of a
Dirichlet series

(1) L(x,s) = %, Re (s) > 1,

where x : Z — C* is an extension of a homomorphism X’ : (Z/mZ)* — C* such
that

(n) = 0, if ged(n,m) > 1
A= X'(n+mZ), if ged(n,m)=1.

It is easy to see that y is completely multiplicative and periodic modulo m; we call
it a Dirichlet character modulo m. We say that a Dirichlet character y mod m
is trivial if x(n) =1 for ged(n,m) = 1.

We will prove later (Corollary 3.39) that

X non-trivial — L(x,1) #0.
This simple looking result implies (see the proof of Theorem 3.40)

Theorem 1.2 (Dirichlet’s Prime Number Theorem) Let a and m be coprime. Every
arithmetic progression

a, atm,a=x2m, ...

contains infinitely many prime numbers.

In fact, we will also describe the distribution of primes among the classes a mod m.
This will be done in a much more general setting in section 6 where instead of prime
numbers we will consider prime ideals of a Galois extension L of a number field K,
and in place of Dirichlet L-functions we will consider Artin L-functions. To appro-
priately generalise Dirichlet’s theorem to arbitrary number fields it is necessary to
reformulate it. To a prime ideal p in the ring of integers of K we can associate an el-
ement Frob, € Gal(L/K).” Recall that Gal(Q(()/Q) = (Z/mZ)*. The Frobenius
element associated to a prime ideal (p) in Z is exactly the residue class of p modulo
m. So Dirichlet’s theorem states that for every residue class @ € (Z/mZ)* there are
infinitely many primes whose Frobenius element is a. Chebotarev’s density theorem
(Theorem 6.1) makes the same statement for an arbitrary Galois extension L/K.

Theorem 1.3 Let L/K be a Galois extensions and C C Gal(L/K) be a conjugacy
class. Then there are infinitely many prime ideals p < Ok with Frob, € C.

2This element depends on a choice of a prime ideal q above p but the conjugacy class of Frob,
is independent of this choice.
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3. Generalities on Dirichlet-series

In this course we will study Dirichlet series. These are series of the form

f(S) = Z annisa
n=1

where the a,, are complex numbers. The theory of these series has many parallels to
the theory of power series. For example the analogue of the radius of convergence
of a power series is the abscissa of convergence. To prove our first theorem on
Dirichlet-series we need a classic theorem from complex analysis and special case of
Abel summation.

Theorem 1.4 (Weierstrass 1861) Let U C C be open and f,, a sequence of analytic
functions from U to C. Suppose f,, converge uniformly to f on every compact subset

of U. Then f is analytic. Furthermore the sequence of k-th derivatives fy(lk) tends
to ) wuniformly on every compact subset of U.

Lemma 1.5 (Abel summation) Let a,, be a sequence of complex numbers and ¢ a
continuously differentiable function on the interval [x,y|. Define

Aty = an

0<n<t

Then

We will use a discrete analogue of this: Let b, be another sequence in C. Then

N N-1 / n N
> by =) (Z ak> (b — bpy1) + (Z ak> by
n=M n=M \k=M k=M
Theorem 1.6 Let f(s) =Y " a,n"° be a Dirichlet-series.

(1) If the partial sums A(M,N) = 3" a, are uniformly bounded, then f(s)
converges locally uniformly on Re(s) > 0 to an analytic function.

(2) If f(s) is convergent for s = sg, then it is convergent for all s with Re(s) >
Re (s¢) and converges uniformly on compact sets. We call

oo = inf{Re(s)| f(s) converges}

the abscissa of convergence of f. If f converges everywhere we set op = —o0
and if it converges nowhere we set oy = 0o. The k-th derivative of f is given
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by the Dirichlet-series
fP(s) =) _an(=1)"(logn)*n"*
n=1

and has the same abscissa of convergence.

SKETCH OF PROOF. First note that the first statement implies the second. Re-
placing s with s — sy and a,, with a,n™°° we can assume without loss of generality
that sp = 0. The assumption that f(s) converges at sy = 0 implies that the par-
tial sums Zg: A @n are bounded and hence we can apply (1) to conclude that f(s)
converges locally uniformly on Re(s) > 0. The other statements now follow from
Theorem 1.4.

Now assume that the partial sums A(M, N) are bounded by B. We will show
that the sequence of functions ZnNzl ann=—?°
domain U defined by

is a uniformly Cauchy sequence on the

—A <arg(s) < A, Re(s) >0
for fixed positive § and 0 < A < 7/2. This is equivalent to showing that for every
€ > 0 there exists Ny such that for every M, N > Ny we have ZnN:M a,n—° < 0.

Let € > 0 and choose Ny € N such that [n™*| < e for all n > Ny and s € U. Let
M, N > Ny. Using Abel summation

| Z a,n”% = | 2 AM,n)(n™° —(n+1)"%) + A(M,N)N*|

N—-1
<B) |n*—(n+1)"| + Be.
n=M
Note that
log(n+1) log(n+1) |S|

(0™ = (n+1)7)| = |s / e *dz] < |s| 7] =" (7 = (n+1)77),

logn logn o

where 0 = Re (s). In U the quotient % is bounded by a constant C'. So we have

N N-1
> amn ™[ <BCY (n77 = (n+1)77) + Be
n=M n=M

BC(M™ — N77)+ Be < ¢(BC + B).

Remark 1.7 Per definition f(s) diverges for all s with Re(s) < oy.
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Without proof we state the following theorem which also has its analogue in the
theory of power series.

Theorem 1.8 If two Dirichlet series Y a,n™* and Y b,n~* converge and are equal
on a domain in C, then a, = b, for alln.



CHAPTER 2

The Riemann (-function

The Riemann zeta function is defined as the Dirichlet series

((s) =) n".

This series converges absolutely and uniformly on compact subsets of the half plane
Res > 1. In 1748 Euler proved a formula that connected this function to the prime
numbers.

Theorem 2.1 (Euler product) For s € C with Re(s) =0 > 1 we have

() =]

peP 1= pis
and ((s) # 0.
ProOF. For P > 0, we express the finite product
1
11 — =140+,
1—ps
peEP p<P

as a sum taken over all natural numbers whose prime factorisation contains only
primes smaller than P. Hence

OE|| ! | <(P+1) 7+ (P+2)77+...

—S

peP,p<P

which tends to 0 as P — oo, and thus proves that ((s) may be written as an Euler
product. The non-vanishing of ((s) follows from the fact that

[T a-p)<to)= J] O=p) ' =1+m+my"+...,
pePp<P pePp>P

where the sum is taken over all natural numbers whose prime factorisation contains
only primes greater than P. Hence, for P > 0 large enough

I =) ) > 1 (P+1) " = (P+2)7 —...>0.
11
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O

Remark 2.2 The above proof can be easily generalised to show that the Dirichlet
series (1) also admits an Euler product for Re(s) > 1:

LWA)IOOXW)ZII 1

oo Sl =X

It suffices to notice that |x(n)| <1 for alln € Z.

Corollary 2.3 There are infinitely many prime numbers.

PROOF. If the set P of prime numbers was finite, then

On the other hand, we know that lim, 1+ >~ n~° diverges to infinity. This is in
contradiction with Theorem 2.1. 0

Remark 2.4 One could prove the above corollary relying only on divergence of ((s)
at s = 1, i.e. without using Euler product expansion; see for example [7].

1. The Mellin transform
Let f: R.g — C be continuous. We define the Mellin transform of f to be

) Mt = [ s

Example 2.5 The Gamma function is the Mellin transform of f(y) = eV, i.e.,
o d
['(s) :/ e_yys—y.
0 )

which converges absolutely for Res > 0.

The following properties of the Mellin transform follow from simple transforma-
tions of the defining integral.

Lemma 2.6 The Mellin transform satisfies the following basic properties as long as
both sides of the equalities are defined:
(1) If A > 0, define g(y) = f(Ay). Then M(g,s) = AX*M(f,s).
(2) If a € C, define g(y) = y“f(y). Then M(g,s) = M(f,s+ a).
(3) If g(y) = f(1/y) also satisfies this condition, then for Res > 0 we have the
functional equation

M(f73) = M(g* _5>‘
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Lemma 2.7 If [ is of rapid decay at oo, i.e. lim, ,o f(y)y? = 0 for any A € R
and f = Oy0(y™P), then M(f,s) converges absolutely and uniformly on compact
subsets of the half plane Res > B. If f is of rapid decay at 0, i.e., lim, o f(y)y* =
0 for any A € R and [ = O, 0(y™P), then M(f,s) converges absolutely and
uniformly on compact subsets of the half plane Res < B.

PRrROOF. We only prove the first assertion as the second follows from the first
by Lemma 2.6.3. Replacing f with y”f we can reduce to the case B = 0 using
Lemma 2.6.2. Then our assumptions imply that f is bounded and hence on any
compact subset of Res > 0 there exists a constant C' > 0, independent of s, such
that | f(y)] < C for y € (0,1] and |f(y)y*| < Cy~2. Then we can bound the Mellin
transform:

1

Re s +C.

1 00
Mgl < [ty re [ytay—c
0 1
Since % is bounded on any compact subset of Res > 0 we get a uniform bound
on |[M(f,s)|. This implies the uniform convergence of the integral. 0

Let us now be more precise: assume that f is of rapid decay at infinity and let
(An)nen be a monotonly increasing sequence of real numbers that diverges to oco.
We write f(y) ~ > oo by asy — 0if f(y) — Zg:_ol boy™ = O(y*) as y — 0 for
any integer N > 0.

Since f = O,_0(y™), M(f,s) converges absolutely and uniformly on compact
subsets of the half plane Res > —\g. For Res > —)\y we can split the integral

M@@=Lf@¢%+[ﬂ@w%

1 N—1 N-1 b %)
/0 (f(y) HZ:O y )y Y HZ:O st fy)ydy

The first integral converges absolutely and uniformly on compact subsets of the
half plane Res > —Ay. The second integral converges absolutely and uniformly
on compacts for all s € C, since by our assumptions for any N € Z, f(y) can be
bounded by Cy~". Hence the right hand side defines a meromorphic continuation of
M(f,s) to the half plane Re s > —\y with simple poles of residue b, at s = —\,, for
n=0,..., N —1 and no other singularities. We have proved the following theorem.

Theorem 2.8 Let f: Ryg — C be continuous. Suppose that [ is of rapid decay at
oo and f(y) ~ > 0" by asy — 0. Then M(f,s) has meromorphic continuation
to the whole complex plane with simple poles of residue b, for s = —\,, and no other
singularities.
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From Theorem 2.8 we can deduce some standard properties of the Gamma func-
tion as we will see in 2.10. Of course the properties of I'(s) can be derived in a
simpler fashion, using the functional equation I'(s + 1) = sI'(s). The first useful
application of Theorem 2.8 will appear in relation to the Riemann zeta function.

Theorem 2.9 (Mellin principle) Let f,g : Rog — C be continuous functions such
that

fy) = a0 +0(e™"), gly) = bo + O(e™")

for y — oo and positive constants c, . Suppose furthermore that

f(1/y) = Cyfgly)

for a positive real number k and C € C\ {0}.

Then M(f—aq, s) and M(g—by, s), converge absolutely in the half plane Res > k
and admit a meromorphic continuation to C with simple poles at s = 0 and s = k of
residues Ress—o M(f — ag,s) = —ag = —C Ress— M(g — bo, s) and Ress— M(f —
ap, s) = Cby = —C 1 Res,—g M(g — by, s) and no other poles. Furthermore we have
the functional equation

M(f —ag,s) = CM(g — by, k — s).

PRrROOF. The statements on the meromorphic continuation of the Mellin trans-
forms and the location and residues of their poles follow from Theorem 2.8. In-
deed f — ag is of rapid decay and f(1/y) — ag = —ag + Cy*by + O(e~¥"). Hence
fly) ~ Cy=*by — ag as y — 0. The functional equation follows from Lemma 2.6
if ag =0y = 0. If ag # 0 or by # 0 we need a slightly different approach to prove
the functional equation. This approach will also prove the whole theorem without
appealing to Theorem 2.8.

Let Res > k. For the functional equation split the integral defining the Mellin
transform and perform the change of variables y — 1/y on the first integral:

M(f =a05) = [ =2k [0 -
= [T -2 [T - a2
= [ ot + () —anly L - %
®) — [ o) — =+ (1) ey - 2 L

Note that the integral in the last line defines a holomorphic function for all s € C.
So the meromorphic continuation of M(f — ag,s) can be given by (3) and the
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location of the poles and their residues follows. Doing the same transformations to
CM(g — bo, s) for Res > k we obtain

> s N a b
@) CMlg =t = [ () = ™+ Clolw) ~ by Y+ 2 -
1
and we can check the functional equation by replacing s with & — s in (4). O

1.0.1. The Gamma function. We recall some basic properties of the Gamma
function

[Ty
(5) r(s)—/o =

Lemma 2.10 (1) The Gamma function continues to a meromorphic function
on C with no zeros and simple poles at s = —n € Z<qy of residue (—1)"/n!
and no other poles.

(2) We have the functional equation

[(s+1) =sI'(s).

(3) Euler’s reflection formula:

™

Ls)'(1—s) =

sin(ms)
(4) Legendre’s duplication formula:

L(s)T'(s+ ;) = ZQ\/%EF(QS).

(5) For k € Zso we have T'(k+1) = k! and I'(3) = /7.

SKETCH OF PROOF. Since the Gamma function is the Mellin transform of f(y) =
eV ~ > (=1)"y"/n! as y — 0 we can apply Theorem 2.8 to see that ['(s) has a
meromorphic continuation to C with simple poles at s = —n € Z<, of residue
(—1)™/n!. The integral (5) is absolutely convergent for Res > 0 and we can prove
the functional equation I'(s + 1) = sI'(s) by a simple change of variables. However
both I'(s + 1) and sI'(s) have holomorphic continuations to C \ Z<, so they must
be equal on the whole of C \ Z<,. Now suppose there exists s € C with I'(s) = 0.
For s € Z-o we clearly have I'(s) > 0, so we can assume that 1 — s ¢ Z<, and
I'(1 —s) € C. Now we can derive a contradiction from Euler’s reflection formula,
since L) does not vanish. The proof of Legendre’s duplication formula can be

sin(ms

found in most texts on the Gamma function so we skip them. 0J
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The crucial connection between the Gamma function and the zeta function fol-
lows from the simple equation

o d
(6) ﬂ_—sF(S)n—Qs :/ e—ﬂnnys_y
0 Yy

which follows from Lemma 2.6.
1.0.2. Back to the zeta function. Summing (6) over all n € N we obtain

™ w T = [ (Z ) v

neN
Note that the integral on the right hand side converges absolutely, so we are allowed
to swap integration and summation. The function ) e~™Y comes from Jacobi’s
theta function
(8) 9(7_) _ Z eﬂiTLZT =142 Zeﬂ—iHQT'
nez neN
Hence we obtain
—s/2 1 > . s dy
Z(s) =m""T(s/2)C(s) = 5 [ (0(iy) = 1)y n
0
The function Z is called the completed zeta function and many of its properties
follow directly from the remarkable properties of # which we cite now.

Theorem 2.11 The theta function defines a holomorphic function on the upper half
plane H = {7 € C| Im(7) > 0} and satisfies the functional equation

where log is the principal branch of the logarithm.

Proor. We will study the transformation properties of more general theta func-
tions in Section 3 and will prove a much more general statement there. 0

Theorem 2.13 The completed zeta function Z has a meromorphic continuation to
C with simple poles at s = 0 and s = 1 of residues —1 and 1 respectively and no
other poles. It satisfies the functional equation

Z(s)=Z(1—s).
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PROOF. Note that Z(2s) is the Mellin transform of f(y) = 36(iy). By definition
we have f(y) = 3 + O(e™¥) and by Theorem 2.11

1 , 1 .
F(t/y) = 5vy0liy) = 5+ O(e™).
We can now apply Theorem 2.9, which implies the statement of the theorem. O
We restate Theorem 2.13 in terms of the zeta function:

Theorem 2.14 The zeta function has a meromorphic continuation to C with only
one simple pole at s =1 of residue 1 and satisfies the functional equation

C(1—=s)=22m)"°T(s)cos (g) ¢(s)

PrROOF. Recall that the Gamma function has simple poles at all non-positive
integers. Since Z(s) = 7~%/?T'(5/2)((s) has a meromorphic continuation to C we can
use the expression ((s) = 7%/?T'(s/2)~'Z(s) to obtain a meromorphic continuation
of ((s) to C. Furthermore, by Lemma 2.10 I'(s/2) is never zero, so the only possible
poles of ((s) are at the poles of Z(s), at s =0 and s = 1. Since I'(s/2) has a simple
pole at s = 0, I'(s/2)"'Z(s) has no pole there. On the other hand 7*/2I'(s/2)~" has
no zero at s = 1, so (s) has a pole there and

Res,—1 ((s) = 7'/*T(1/2) "' Res,—1 Z(s) = 1.

The functional equation follows from the basic properties of the Gamma function in

Lemma 2.10; see also [5, VIL.(1.7)]. O
Remark 2.15 Using the fact that the residue of Z(s) at s =0 is —1, we can deduce
¢(0) = —%. In the exercise classes we will use Theorem 2.8 to determine all values

of ¢ at non-positive integers.

2. The prime number theorem

In this subsection we sketch a proof of the prime number theorem by D. Newman.
Instead of studying 7(z) we study the related function ¢(x) = >_ _ log(p), where
the sum is taken over all prime numbers smaller or equal to x. As we will see soon,
¥(x) has close ties to the zeta function.

Proposition 2.16 The prime number theorem

w(z) ~ —2

~ log

18 equivalent to the fact that

P(z) ~ .



18 2. THE RIEMANN (-FUNCTION

PROOF. Suppose 1/1(x) ~ x. We have
) <Y log(x) = log(z)m(x).
p<x
In the other direction, for any € > 0,
W(x) > Z logp > Z (1—¢€)logz > (1 —€)logx(m(x) — ')
xl_€§p<x xl— e<p<z

Using these inequalities

S A G

lim inf
iminf 7(z) e "
and
. logz _ . _1¥(2) 1
1 1—¢€)t = )
im sup 7(z) (1—¢) . T
Since € > 0 was arbitrary lim sup W(x)b% < 1 and hence the limit lim ﬁ(m)b%
exists and equals 1. O

So the remainder of this subsection we will show ¢ (z) ~ x.

Lemma 2.17 We have ¢(z) = O(x).

PROOF. Forn € N

n 2n 2n n
= Y (k)z(n> n|2 > [ p=even-vo,
0<k<2n n<p<2n
This shows ¥ (2n) —(n) < log(2)2n. From this and the fact that ¢(x) < (z—1)+
log(z) we deduce ¥ (z) — ¥ (z/2) < Cx for any constant C' > log2 and x > zy(C).
Now sum this inequality for x,2/2,...,x/2" where r is the highest natural number
such that /2" > xy. We obtain ¢(x) < Cx(14+1/2+...)+(xy) = 2Cz+0(1). O

To obtain better estimates we use powerful tools from complex analysis. The
first result was the basis of the original proof of the prime number theorem:

Theorem 2.18 (Hadamard, de la Vallée Poussin)
((s) #0, for Res =1,

ProOOF. Let Res =0 > 1. By the Euler product we have

©) lo8(C(9) = 3

p k>1
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and so

(o +it)| = exp (ZZRe (p—’“i'f)ml,fU)

p k>1
Note that Re (p~) = cos(kt log(p)). Now we look at

(0)?|¢(o+it)*¢(o+2it)| = exp (Z S 3 + 4 cos(kt log(p)) 4 cos(2kt 10g(p))> S 1.

ko
p k>1 kp

This inequality follows from the simple fact that for any x
3+ 4cos(z) + cos(2z) = 2(1 + cos(z))* > 0.

Now assume that ((1+ity) = 0 for ty # 0. Then ((0)3|¢(0 + ito)*( (o + 2ity)| would
tend to 0 as ¢ — 1, which is a contradiction to the above inequality. U

Lemma 2.19 Let ®(s) = l‘;%p. Then ®(s) —1/(s—1) is holomorphic in the half

plane Res > 1.

PROOF. By our results on Dirichlet series we can form the derivative of a con-
vergent Dirichlet series by termwise differentiation:

—log(C(s))’:_C/(S) :Z log p _®<5)+Z Slogp

((s) “p—1 — p(p*— 1)’

The last sum converges for Res > 1/2, so ®(s) extends meromorphically to the half
plane Re s > 1/2 with a simple pole at s = 1 of residue 1. Since ((s) does not vanish
on the half plane Res > 1 we can conclude. O

Now we relate ¢(z) to the zeta function.

Theorem 2.20 The integral

(10) /100 de

converges.

PROOF. Let Res > 1. We apply Abel summation with the following input: The
sequence a,, is set to logn if n is prime and 0 else and ¢(z) = x7°. Then Lemma
1.5 implies

1 N
Y B (NN s / W(x)z " dx
1<pen P 1

and in the limit

(1) B(s) :3/100¢(x)x_5_1dx:s/000 et dt.
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We now apply a Theorem from complex analysis that we will not prove. For the
proof see [2, Theorem 10.7.12].

Theorem 2.21 Let f(t) be a bounded and locally integrable function for t > 0 and
assume that the function g(s) = fooo f(t)e stdt, defined on Res > 0, extends to a
holomorphic function for Res > 0. Then fooo f(t)dt converges and is equal to g(0).

We apply this theorem with f(t) = ¥(e')e”* — 1. The corresponding function
g(s) is ®(s+1)/(s+ 1) — 1/s which extends to a holomorphic function on Res > 0
by Lemma 2.19. By (11) g(0) is precisely the integral we want to show convergence
for. OJ

Theorem 2.22
Y(x) ~

PROOF. Assume that for A > 1 there exist arbitrarly large = such that ¥ (z) >
Ax. Then for any such x

) dtz/ * dt:/ Ydu >0,
x 1

t2 t2 u?

T

which contradicts the convergence of [~ (1(t) —t)¢t~2dt. Similarly we can argue that
A < 1 there cannot be arbitrarly large x with ¢(z) < Az. O



CHAPTER 3

The Dedekind (-function

The L-function in the title of this section is a generalization of the Riemann
zeta function to number fields. We will see that - similarly to ((s) - its analytic
properties yield important number theoretic consequences. The proof of meromor-
phic continuation and functional equation for the Dedekind zeta function follows
the same approach: after multiplying it by a (generalized) gamma function, we will
express it as a Mellin transform of a (generalized) theta function which satisfies a
transformation property required by the Mellin principle, and the Mellin principle
will lead to a desired result. Therefore, before we even define the Dedekind zeta
function, we introduce the ingredients which are essential for its study.

1. Preliminaries

Definition 3.1 Let « be an algebraic number and f € Qx| its minimal polynomial
(i.e. f is monic, irreducible over Q, and f(a) = 0), put n := deg(f). We call the
quotient

a number field of degree n.
Furthermore, if aq, ..., a, € C are the roots of f, we define embeddings by extending
the following maps as ring homomorphisms:

7 Q(a) = C, oy, (1=1,...,n).

We say that the embedding T; is real if a; € R, otherwise we call it complex.

Remark 3.2
(1) As a vector space Q(a) = {ag+aja+...+a, 10" ' ag,ay,...,a,_1 € Q}.
(2) 71,...,7n are all possible embeddings of Q(«) to C as rings. The complex
embeddings come in pairs: T: o> o; and T — Q.
(3) Tilap + ara + ...+ ap_1a" ) = F(agt+ara+ ... +a, 12", i=1,... n.

PROOF. Exercise.

Definition 3.3 For a number field K we define the ring of integers
Ok :={z¢€ K: f(z) =0 for some monic f € Zlx]}.
21
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The invertible elements in Ok comprise the group O of units of Of.
If O = Zwy & ... D Zw, for some wy,...,w, € Ok, the discriminant of a
number field K is defined as

dy = disc(Of) := disc(wy, . . ., w,) = det([r:(w;)];;)? -

Similarly, for a nonzero ideal a <« O with an integral basis a = Zay & ... D ZLay,
ai,...,a, € a, the discriminant of an ideal a is equal to d, := disc(ay, ..., a,).

Remark 3.4 The above definitions do not depend on a choice of integral basis.

From now on K will denote a number field of degree n, di its discriminant,
Og the ring of integers, and {7; : ¢ = 1,...,n} the set of all embeddings K — C.
Sometimes, to differentiate between the embeddings, we will write p for the real
embeddings and o, ¢ for the pairs of complex embeddings, and we will denote the
number of them by r; and 27y respectively.

2. Minkowski theory

Consider the canonical embedding

j: K — K¢ := HC, a— ja:= (7(a)),,

where the product is taken over n embeddings 7 : K — C. The complex vector
space K¢ is equipped with an involution

F:K(C_>K(C7 Z:(’ZT>T'—>Z:: (_?)T

and the Hermitian scalar product
<*T7 y> - Z TrYr

which satisfies (F(x), F(y)) = (y, z). In addition, we have the involutions
z2=(2:)r = 2" = (27)r and z2=(2:)r = 2 :=(Z)r.

Note that z = *2*, and that *z is the adjoint element to z with respect to (, ), i.e.,

(z,y) = (z,"2y).
We endow the space K¢ with the following homomorphisms:

Tr:Kc— C, Tr(z):ZzT,
N: K —»C*, N(Z):HZT,

~—~
[TCx

T
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which denote respectively the trace and the determinant of the endomorphism
Kc — K¢, T 2T,

Observe that if z = ja for some a € K, then Tr and N coincide with the usual trace
and norm of K/Q:

n

Tr(ja) = Trggla) == Zn(a) , N(ja) = Nkg(a) == HTZ'(CL) :

i=1
Note that for a € K we have F(ja) = ja. Hence, the image of j is actually
contained in a smaller vector space

Kp:={z€ K¢c:z=72}
over R. We can think of it as a tensor product K ®¢g R via
K®gR = Kg, a®x+— (ja)z.

It is also easy to see that the restriction of the Hermitian scalar product (, ) from
K¢ to Kg gives a scalar product ( , ) : Kg X Kg — R and yields a norm on Ky
given by ||z|| := \/(z,z). We call Kg the Minkowski space.

We distinguish the subspace

Krpy ={xeKp:z=2"} ={(z;), € Kg:V,z, € R}
and the subgroup
ng# = {.CEE KR¢I$>O},

where x > 0 means that x, > 0 for every 7. Together they form the upper half-space
associated to K:
Hg = Kp+ +iKg , = {2 € Kc:2=2"Im(z) > 0},
where we put Re (2) := 3(z + 2), Im (2) := 5 (2 — 2).
Finally, we define the homomorphisms

| Ky = K, x=(z)r = [a] = (|z])r,
log: Ki, = Kg, r=(z,), = logz := (logz,),,
and for two tuples z = (z;).,p = (p,;)r € K¢ we define the power
S () eKe by o =ee,

where we choose the principal branch of the logarithm with the plane cut along the
negative real axis.

Remark 3.5 Ifa € K, then N(eUa\Q) — eliaja)
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PROOF. Observe that ele* = (el"@*)_and thus
N(elaP) = (S @ _ (S, r@yr(a)  glaga)
0
Example 3.6
(1) If K =Q, then Kc =C, Kg =R = Kg 4 and Hx = R+ iRy is the usual

complex upper half-plane H.
(2) If K = Q(yv/m) with m < 0 square-free, then K has 2 complex embeddings:

TiVm = /m and T :yv/m —y/m.
Hence: Kc =C x C,
Kr = {(a,b) € C*: (a,b) = (b,a)} =

b (
Kr 1 ={(a,a) :a € R}, Kg |

(

a,a):a € C},
b,b) : b e R}

{
{

and

Hi ={(a+ib,a+ib):a € R,b € Rop} ={(z,2): z € H}.
(3) If K = Q(yv/m) with m > 0 square-free, then K has 2 real embeddings:
T v/m = Vm and Tyt V/m = —/m.
Hence: K =C x C,
Kg = {(a,b) € C*: (a,b) = (a,b)} = R?,

Krz =R? Ky, =RZ, Hg =H

Observe the difference between examples (2) and (3)!
The point of introducing this general setting, known as Minkowski theory, is that

it allows us to interpret integral ideals of K as lattices in the space K, as described
in Lemma 3.8.

Definition 3.7 A lattice in an n-dimensional R-vector space V' is a subgroup of
the form
I'=%2Zv, ... ¢ Zv,,,
where the vectors vy, ..., v, € V are linearly independent. The set {vy,... vy} is
a basts, and
O ={rv+...+ 2,0, : 2, €R0<x; <1},
a fundamental mesh of the lattice I'. The lattice is complete if m = n.

Lemma 3.8 If a # 0 is an ideal of Ok, then I' = ja is a complete lattice in Kg.
Its fundamental mesh has volume

vol(T') := \/|dk| (Ok : a).
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PROOF. Let {ay,...,a,} be an integral basis for a, i.e., a = Zay & ... B Zay,,
at,...,ap €a. Then ' =Zjoa1 & ... 8 Zja,, and thus it is a complete lattice. The
fundamental mesh of the lattice T' has volume equal to | det([(ja, jou)]iy)|V/2. In
our case,

(Jau, jau) = ZT(%‘)T(%) :
Hence, if we put A = [7;(oy)]i;, we obtain vol(T') = | det(A?A)|"/2 = | det A|. On the
other hand, (det A)?> = det([r;(«t)];;)* = d, defines the discriminant of the ideal a
and satisfies the equality d, = (Ok : a)?dk (see [5, 1.(2.12)]). O

3. Theta function

In this section we extend the definition (8) of a theta series 6(z) defined on the
complex upper half-plane Hg to a theta series on H. The transformation formula
for for the latter (and thus also for 6(z)) will follow from Poisson summation formula.
In order to present this formula we need to introduce the notions that come into its
statement.

Definition 3.9 For a complete lattice I' in Kg, its dual lattice is defined as
I"={q¢ € Kg :Vyer{g,9') € Z} .

FExample 3.10 Let 0 # a < Og and I' = ja. We will compute the dual lattice to T'.

Let o, ..., ap be an integral basis of a. Since the lattice ' is complete in Kg,
every x € Kgr can be written as x = x1jaq + ... xpjay, for some xy,...,x, € R.
Hence,

I"={y € Kg : Vaca(jo, y) € Z} = {y € K : VaedTr(jay) € Z},
and thus
‘T"={x € Kz : Tr(jazx) € 7}

={rijo1 + ...z ja, w1, ..,y € RV ankTr(jozijak) €7}

-----

={rijos + ...z ja, w1, ..., 1, € RV nZa:kTrK/Q(aiozk) €7}

-----

= {zjoq + ... xpjon T, .. Ty € Q Vi p kaTrK/Q(aiak) €7}
k=1

,,,,,

={jx:x e K, Trgg(xa) C Z}
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Now recall that the fractional ideal
v i={2 € K : Trgp(z0k) C Z}
defines the inverse different of K/Q. We get
T = {jz: 2 € K,VoecdTi/0(xa0K) CZ} = {jz : 2 € K,Vacqra € 07"}

= ((ad)7") .

Definition 3.11 A Schwartz function on a euclidean vector space Kg is a C*-
function [ : Kg — C such that

lim f(z)||z]|™ =0 forany m>0

and the same holds for all derivatives of f.
The Fourier transform of a Schwartz function f is

~

f) = | sy ar,

Kg
where dx is a Haar measure on Kr normalized so that the cube spanned by an
orthonormal basis with respect to { , ) has volume 1.

Remark 3.12 The Fourier transform of a Schwartz function is again a Schwartz
function.

Remark 3.13 The Haar measure dx is very closely related with the Lebesque mea-
sure. This follows from the fact that the map

t: Kg — R", where Wy, = T,
r=(2,); V> w=(w), w, = V/2Re (4), Wy = V2Im (z4)

is an isomorphism which preserves the inner product (R™ being equipped with the
standard inner product). In particular, for a cube C C Kg spanned by an orthonor-

mal basis with respect to { , ),
/ dr = / dw,
c ¢(C)

where dw denotes the Lebesque measure on R™. Because of this correspondence we
will sometimes switch to Lebesque integrals or use without further explanation some
results from the Lebesque integration theory. This will be explained in detail (i.e.
with use of the isomorphism ) only in the Example 3.1/.

Example 3.14 The function h : Kg — C, h(z) = e ™®%) js a Schwartz function
with Fourier transform h(z) = h(x).
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Proor. We identify Kg with R™ via the isomorphism ¢ explained in Remark
3.13. Denote by ( , ) the Euclidean inner product. Then for ¢(y) = u = (u1, ..., uy,)
and w = (wy,...,w,),

il(y) :/ 6_71'(1‘:33)6—27%(%3/) dz :/ e—w(w,w)e_Qﬂ—i(w,u) dw
Kg n

n n
_ —mw?  —2miw,u; —. ]
—||/e ie J]dwj—.HH(uj)
j=1“R j=1

By Lebesgue dominated convergence theorem and by partial integration,
d - o . -
%H(uj) = —2m’/ wje*”wﬂz‘e_Qmwf“j dw; = —2mu;H(u; ).
J —00
Hence, H (uj) = Ce™™ for some constant C ; and if we substitute u; = 0, we obtain
C=H(0) = [* e™ dw; = 1. In this way,

n

2 _ _

Jj=1

OJ

Theorem 3.15 (Poisson summation formula) Let I' be a complete lattice in Kg and
[ its dual. Then for any Schwartz functz’on f on Kg:

(12) > 10) = i 2 flo

gel g'el”

PROOF. After the identification of Kg with R™ (see Remark 3.13) this becomes
a standard result in complex analysis. The interested reader will find a proof for
example in [5, VIL.(3.2)]. O

Definition 3.16 For a complete lattice I' in Kg, we define the theta series
€F<2) = Z e7r7ﬁ<gz7g) s z € HK .
gel
More generally, for a,b € Kg and any admissible p € [[_Z>o, i.e.,
) pr €40,1} iofr=7
p=(pr)r, Pr € L>p satisfies pr€{0.1} i _
- prpr =0 otherwise

we put
0”(a, b, z) ZN a + g)P)emi(ata)zato)2mitbg)
gel
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Proposition 3.17 The series 6%(a, b, z) converges absolutely and uniformly on every
compact subset of Kg X Kg x H.

PROOF. Fix a positive 6 € Ryg. Then for all z € H such that Im (z) > 4,
Z ‘N a+ g emil(atg)z,atg)+2mi(bg) | < Z ‘N a+ g) )| mé{atg.atg)
gerl gerl

Further, fix a compact subset C C Ky and let M := sup,. ||z||. We have to show
that

Y sup{|N((a + g)")[e ™} < oo

ger aeC

Let ¢1,...,9, be a Z-basis of T', write g = >, mJg; for some m{ € Z and put
py = max; mi|. Then for all g € I" such that ||g|| > 4M and for all a € C we have

1 1
(a+g,a+9)=lla+gl* > (lal = llgl)* = 3llgl* + llgll <§||9|| - 2||a||)
Lo - 99
5”9" Zmimj<9i79j>

g

1 <& m; 1
- 5;( Z \/Zl 1 (m]) \/Zl 1 <g“g]> a 2/’Lg

where ¢ := _inf {Zl =1 YiYi (9is gj>} > 0 is the smallest eigenvalue of the ma-

7 z

trix [(gi, 95)]i;- (Indeed. Note that for y = (y1,...,y,) with >, 47 = 1, the
n Y .. .

sum Y Yiy(9is 95) = %4_@77 where A = [(g;,9;)]i; as a Gram matrix is diag-
onalizable by some orthogonal matrix P. Hence, if we put D := 'PAP and de-
note by Aq,...,\, the eigenvalues of A of which )\;, is the smallest, we obtain
Al PD'P)? n ~ n ~
?\Jyty\ = y\épt(yl:).)‘y = D AT 2> 20 Mo = i)

Now, to bound the norm, observe that N ((a+_;_, m/g;)?) is a polynomial in the
m{ of total degree T'r(p) whose coefficients by(a), . .., b.(a) (r depends only on p and
n) are continuous functions of a. Hence, there exist B; := sup,cc bi(a), i =0,...,r
and B := rmax; B;, and thus

sup [N ((a+ 9)")| < Bul™® .

aeC

In this way,

Z sup{|N((a + g)?)|e"™(@aata} < ¢ 4 Z B,ugr(p)e_gaugg

aeC
gel’ lgll>4M
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oo
s 2
<C+ ZP(,M)B/LT’"(”)e_f‘S“ ‘< 00,
pn=0

where P(p) :== #{(m1,...,my,) € Z" : max; |m;| = p} = 2p+1)" — (2p — 1)™ and
C' denotes the finite sum over ||g|| < 4M. O

Theorem 3.18 (Theta transformation formula) For all z € Hyg

. _ +1/2
(13) o2 (a, b, —1) = ({Tr@)e2mitatlyo)(T)) T N ((3)” ) 0%, (—b,a, 2) .
V4

1

In particular, for the function 0r(z) = 62(0,0, 2):

() s

PROOF. Note that both sides of the transformation formula are holomorphic
functions in z, so by the identity theorem it suffices to check it for z = iy with
Yy € K§,+. We put t = \/Lg so that z = tiz and —% = it%. Note also that since
t = t* =, the multiplication by ¢ is a self-adjoint operator. We obtain

0112 (a’ b, _1) _ N(t_p) Z N((ta + tg)p)e—ﬂ(ta+tg,ta+tg)+27ri<b/t,tg)
Z N ~~ g
g€t To(ta,b/t, tg)

and similarly
0% (=b,a,z) = N(t*) Z fp(=b/t ta,g'/t).
g'er
Now it suffices to apply the Poisson summation formula (12) to the function f(g) =
fp(ta,b/t, tg). In order to do this we need the following lemma:

Lemma 3.19

(i) If f is an arbitrary Schwartz function and A is a linear transformation of
Kg, then the function fa(x) := f(Az) has Fourier transform

. 1 .,
faly) = det 4] J('A ),

where 'A is the adjoint transformation of A.
(ii) The function f(x) = fy(a,b,z) = N((a + x)P)e mlatmata)2miba) g ¢
Schwartz function on Kg. If p is admissible, its Fourier transform is

~

(14) fly) = (TP @N T £ (b a,y).
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We can combine the two statements of the Lemma to seei that the Fourier trans-
form of fy(z) = fy(ta,b/t,tx)is fi(y) = ((""PN(t)e*™ @) f,(=b/t, ta,y/t). Once

the Lemma is proved

o” (a, b,—%) )Y folta, b/t tg) = N(t)> f(g)

gel’ ger
(12), Lemma 3.19 1

Vol(F)N(t_p_l) Z (Z‘Tr(p)e%ﬂa’w)il fp(_b/t>t@, gl/t)

g'er

— (vol(T) N (¢2P+1)iTr®) 2rited)) L o (_p q, 2).

PROOF OF LEMMA 3.19.

(i) By Remark 3.13 we can apply standard results from Lebesgue integration:

Faly) = [ flAn)e 0 da 220 | fla)e e dee Al d
Kg
= Ay
| det A| '

(ii) It is clear that f,(a,b,z) is a Schwartz function because
|fp(a7 b, l’)| = |N((:L‘ + a)p>|6_”<a+$,a+z> 7

where N((z + a)?) is a polynomial in z of degree Tr(p). We compute first
the Fourier transform of f(z) = f,(a,b,x) when p = 0. Note that then
fola,b,x) = h(a + 2)e™®2)  where h(a + ) = h(a + x) by Example 3.14.
Hence,

A Lo
Kg
T —a+zT / h(x)e—Zwi<—b+y,x>627Fi(—b+yva> dz
Kg

= TR (—b - y) = e fo(<b a, ).

We proceed by induction. Suppose we know (14) for an admissible p and
we want to know it for the admissible p’ = p + €7, where €, = 6, for all

T’

(a+zx,a+ )= Z(ap+xp +2 Z (ay + x5)(az + T5),

p= pairs {o,0}
with o#c
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SO 8%fLL(CL +z,a+ x) = 2(a, + x,). Using this we check

677r<a+z,a+x)+2m’<b,x>N((x + a)p)efzm'(x,y) dr

o —
aTL?fp(a, b, y)

daz Kg

— —27T/ 677r<a+x,a+z>+27ri<b,$> (x”r + CLT)N((SU 4 a)p)efQTri(x,y)dx
Kr

= —2mfy(a,b,y).

Note that here we used that since both p and p’ are assumed to be admissible
we have p- = 0. On the other hand we can use (14) to see

— 0

0
= b _ ;Ir(p) _~
aa?fp<a7 7y> ¢ aa?
_ Z-Tr(p)(gm)(xT — b, )N((z — b)p>€77r<7b+$:7b+x>
= (—27T>iTr(p/)fp’(_b7 a, y)

<e27ri(a,xfb>N((x . b)p)efﬂ<fb+z,fb+:p>)

4. The higher dimensional gamma function

Assume that the number field K has r; real embeddings and 2ry complex embed-
dings, so that n = r; + 2ry. We group them into r; real conjugation classes p = {7}
and ro complex conjugation classes p = {7, 7}, depending whether the embedding 7
is real or complex. Hence, we can write

R p real
Ky, = KX h KX = +
R, + 1;[ R,+,p 7 where R,+,p {{(y,y) .y €RX}, p complex.

Consider the isomorphism
o: Ky, — H RY,
p
where
KX

R7+7p

~ — 1
SLRY O with YT P
(y,y) = y*, p complex.

We denote by % the Haar measure on K7, , which via  corresponds to the product

y R,+7
dt

measure [[, %, where 4 is the usual (multiplicative) Haar measure on RY. If we

would further compose the map ¢ pointwise with the logarithm:

p real : y, — yp — log(yy) , p complex : (yy, yp) — y; — 2log(y,) ,

the measure % would correspond to the Lebesgue measure on Hp R.
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Definition 3.20 For a number field K and s = (s;), € K¢ such that V,;Re(s;) > 0,
we define the gamma function

d
T (s) i= N(evy) 22
K7, Y

The gamma function I'k(s) associated with a number field K is related to the usual
I-function

> dt
I'(s) = / e ' —, seC
0 t

via the following formula.
Proposition 3.21 For s = Hp sp € K¢ such that V. Re(s;) > 0 with s, = s, for p

real and s, = (s;, Sz) for p complez, we have

Cr(s)= ] Plsp) x  J] 277T(Tr(sy))

p real p complex

where Tr(sy) == S; + ;.

. dun - . .
PROOF. Since % =11, % is a product measure over conjugation classes p on
P

I, K sy

s d
FK(S) :/ H e—ypypv H 6—2yay;o+sa?y
KX

R,+ p real p={0,6} complex
= 11 / ] / L
p real Ri y p={o,0} complex R-XF

The integrals corresponding to real places are I'(s,). The integrals corresponding to
complex places are

/ efztl/zt%Tr(sp)@ tn—>(t:/2)2 21Tr(sp)/ eftts@ — 217TT(SP)F(TT(SP)).
R t R t

Corollary 3.22 'k (s) inherits analytic properties from U'(s). In particular,
(1) Tk (s) converges for s = (s;); when ¥ Re(s;) >0,
(2) T'k(s) admits a meromorphic continuation to K¢ with poles at the points
indicated by the I'-function.

Corollary 3.23 If s € C, then
Ti(s) :==Tr(s(1,...,1)) = 2072721 (5)"1(2s)"2 .
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5. The Dedekind (-function and its meromorphic continuation

Definition 3.24 The Dedekind zeta function of the number field K is defined

by the series
1
CK(S) - Z s’
05£G<IOK m(a)

where N(a) := # (Ok/a) denotes the absolute norm of an ideal a.

Proposition 3.25 The series (k(s) converges absolutely and uniformly on compact
subsets of the domain Re(s) > 1. Moreover,

1
(r(s) = H )

b

where p runs through the prime ideals of K.

PRrROOF. Exercise.' O

Recall that the set Jx of fractional ideals in K, i.e. the set of
f=(a,...,an)0k =10k + ...+ a,Og where ay,...,a, € K\{0}, m €N,

together with multiplication given by fg = {Zle a;b; : a; € §,b; € g,k € N} forms
a group with the identity element O and the inverse of | given by

fl={rc K:2f C Og}.

Furthermore, we say that two fractional ideals f, g are equivalent if there exists
0 # a € K such that g = (a)f, i.e. f and g are equal up to multiplication by
principal fractional ideals, denoted Py . The equivalence classes are called ideal
classes, the (finite) set Clg := Jx/Pk of ideal classes is the ideal class group of
K, and hx = #Clg is the class number of K.

Observe that since every fractional ideal § is of the form § = %a for some 0 #
0 € Ok and a < Ok, each of the classes KR of Clg may be represented by an integral
ideal, or - equivalently - by a fractional ideal a~! for some 0 # a < Ok.

In order to study the properties of (x(s) we split it into the partial zeta functions

1
C(ﬁvs): Z m<u)s

acR
Cl<1(9K

'Hint: adjust the proof for the Riemann zeta function to the current situation and use the fact
that there are at most [K : Q] prime ideals lying above each prime number p.
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according to the classes K, so that

Ck(s)= D C(R ).

ReClg

Lemma 3.26 Let a # 0 be an integral ideal of K and & = {da™! : 6 € K*} the

class of the ideal a=t. Then there is a bijection

(a\{0})/Ox S {beR:b <Ok}, a0k aa .

PROOF. First note that if a € a\ {0}, then aa™ = (a)a™! is indeed an integral
ideal in . Secondly, if (a)a™' = (b)a™!, then (a) = (b) and thus aOQy = bO}.
Finally, every integral ideal b € 8 is of the form da~! for some § € K* such that
da~! C Ok, which means that § € a\ {0}. O

Corollary 3.27 If & is the class of an ideal a™' for some a < Ok, then

(R =) Y

a€(a\{0})/Ox

PRrOOF. Recall that for a € K* we have equality of the norms:
N((a)) = [Nkyola)| = [N(ja)l .

By the above lemma, if a class & contains a=! for some a < O, then every integral
ideal in £ is of the form aa~?! for some a € a. Hence, its norm is equal to

N((a) _ [NGa)

N(a)  Na)
If a varies over the representatives of (a\ {0})/Op, this correspondence is bijective.
0J

As it was the case for the Riemann zeta function, in order to find a functional
equation for ((R, s), we will relate it first to a gamma function, and then to a Mellin
transform of a theta series.

Recall that the gamma function associated to the space Kp is given by

I'k(s) = N(eyys)%, Re (s) > 0.

X
Kg,+

N(aat) =

We restrict to s € C. If we substitute y — 7|ja|?y/ds/™ with @ € a\ {0}, where
do = N(a)?|dk| is a square of volume of a fundamental mesh of lattice ja (see Lemma
3.8), then
) n n ¢ d
als) = [ (e (B Njal v )
Y

K§,+ da
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and thus by Remark 3.5

. Na) \* i a
il r (o) (i) = [ e,
NUah) s, y

For an ideal a as in Corollary 3.27, summing the above over all representatives a of
(a\ {0})/Of, we obtain (note the absolute convergence of the integral on the right
for Re (s) > 0)

S,_—ns sdy
diln " Tal(s) (8,29 = [ owNw* Y,
K}, Y
where g(y) = Zae(a\{o})/O}( e~mlwia/d/" ja) | This provides a formula for the com-
pleted partial zeta function

Z(R,s) = Zo(8)C(R, ) where Zoo(s) == |dgc|**m T (5/2) .

Note that g(y) is almost the theta series we were looking for: the sum should be
over all a € a. We remedy this by a suitable decomposition of the space Kﬁ 4
Consider the sequence of maps:

05 1 jOF Th (v e Kz, N(@) =1} % (v € Ky : Tr(z) =0}

S H

Clearly the roots of unity in K, denoted by u(K) are in the kernel of | - | o j. The
converse is also true.

Lemma 3.28 (Kummer) Let G be the image of O in H under A\ = logo| - |o j.
Then the sequence

1—>M(K)—>O§L>G—>O
15 exact.

Theorem 3.29 (Dirichlet’s Unit Theorem, Theorem 7.4 in [5], chapter I)

(1) G is a complete lattice in H.

(2) By Kummer’s lemma, O is the direct product of the finite group u(K) and
a free abelian group of rank r — 1, where r = r1 + 19 is equal to the number
of conjugacy classes of embeddings K — C.

More precisely, there exist €y, ...,e,—1 € O, called fundamental units,
such that any e € Oy can be written uniquely as a product e = e+, . e ',

where £ € wW(K) and vy, ... v, € Z.

Note that every element y € K]Rfy 4 may be written as

N Y 1/n _ Y 1/n _ Y -
— t = t h t=N N|—— ) =1.
Y= Ny <N@wm )T e (v), (N@Pm>
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104 -
log(|jul )
]

log([jul )

log(j1)
4 2 2 4

log(|jul)
F

104 L log(|jul?)

-154 -
T T T T T T
-15 -10 -5 0 5 10

FIGURE 1. Fundamental meshes I and F for K = Q(+/3): In the left
picture QO is represented by blue dots and S is in green. In the right
picture H is in green and the red dots represent G. A fundamental

unit of Q(+/3) is given by u = —v/3 + 2.

Hence, K, = S x R}. Similarly, the canonical Haar measure W on Ky , induces

y
the unique Haar measure d*x on S such that

d

Y _ e x dt .

Y t
Furthermore, by Dirichlet’s Unit Theorem, the group G := (logo| | 0 j)(Of) is a
complete lattice in H. This is also the case for 2G = log |jO|?. Hence, if we denote
by F a fundamental mesh of the lattice 2G, and by F' its preimage under log, then
H = Uyesc(y + F), and thus S = U, ;0x 7 F.

Proposition 3.30 The function Z(R,2s) is the Mellin transform of the function
£(£) = limy oo f(3), where

1 jxtt/m

(15) 1) = frtat) = - [ 0 ( e ) P

and w = #u(K) denotes the number of roots of unity in K.

PROOF. Set

. tl/n
(16) 0(a,izt'/") = 0, (ZZT) .

a
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With the notation as above and putting ¢’ := (¢/dg)"/", we have

Vi dt
R 2 § : —7(xt ]a,ja)tsdx
S / / ¢ o t

ac(a\{0})/OK
i dt
— Z e*ﬂ@t ja’]a>d><l' ts7
o1 7T ac\ oy /05
* 1 /. . dt
ol s —7{ext ]a,aja)dx =

a€(a\{0})/Ox

/
/ / (a,izt*™) — 1)d*x tS%
= [ e

flooe 2t

t Y

*

where the equality () follows from the fact that u(K) is the kernel of O — |OF|,
and (xx) is a result of

1 1
lim f(t) = lim —/ O(a,izt/™)d*x = —/ d*x
F wJr

t—o0 t—oo W

O

The functional equation for Z(R, S) will follow from the Mellin principle (Theo-
rem 2.9) once we establish a transformation formula for the function fr(a,t) defined
above. Recall also that the constant occurring in the functional equation is related

to the value fr(a,o0), which here equals L/ 7 d*x. We compute first the volume of
F.

Definition 3.31 Let eq,...,e,_1 be fundamental units of K, r =1y + 1y, and A =
(A1,.. ., \p) i=¢ologoj: O — R", where

T = p real
" Kpy = K — R, 7
@ AR+ 1;[ R,+.p 1:[ ’ {(;La, x)— 2z, p complex.

The regulator of the field K is the absolute value of the determinant of an arbitrary
minor of rank r — 1 of the matriz

)\1(61) s )\1(87>,1)

M) o A(er)
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Lemma 3.32 The fundamental domain F' of S has volume
vol(F) = / d*r=2"1R,
F

where v =1y + ry 1s the number of infinite places and R s the regulator of K.

Proor. Consider the following sequence of mappings:

« log

SxRY % KX, Kt s I R=R"
(z,t) +— at'/™ — log(x)+ (L1log(t))_

where ¢’ is as above. Note that ¢’ olog = log o ¢, where ¢ is as in section 4; so the
measure d?y =d*x X % on Ky , corresponds to the Lebesgue measure on Hp R.

To compute the volume of F' in S we compute instead the volume of F' x [ in
S x RY, where I C RY is of measure 1 with respect to %, ie., f] % = 1. We choose
I={teR}:1<t<e}. Then

vol(F) = /Fdxg; - /Fdxxfl% = vol(F x I) = vol (a(F x I)) .

Furthermore,

log (a(F x 1)) = {log(x)+<%log(t)) cweFtelle) = ]-“+<%[0, 1]) C Kas.

T T

Now recall that F is a a fundamental mesh of the lattice 2log [jO| C H and that

every ¢ € OF may be written uniquely as e = e7'-.. .-, ', where £ € u(K). Hence,
if AM(e1),...,A(e,—1) € R" are the images of fundamental units eq,...,6,_1 € Of

via the map A = ¢’ ologo| | o j, then ¢'(F) is the parallelepiped spanned by
2X(e1), ., 2M(gpmn). e = @((1,...,1)) = (e1,...,¢) € R, then ¢/ (F+(2[0,1]) )
is the parallelepiped spanned by 2A(eq),...,2A(g,_1) and %e. Hence,

1 1 /\1(51) /\1(€r—1) €1
vol(F) = vol(y'(F + (—[0, 1]) ) = —2"| det : : N
n . n
)\1‘(51) e )\r(grfl) 2
If we add the first » — 1 lines to the last one, all entries of the last line become zero,
except the last one, which is 22:1 ¢; = r1 + 2ry = n. The matrix above these zeros
has the absolute value of its determinant equal to the regulator R. In this way,

vol(F) = 27-R. 0
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Proposition 3.33 The functions fr(a,t) satisfy the transformation formula

fr (a 1) =t fpor ((a0)711)

Moreover,
r—1

fr(at) = R+ O(e_d’l/n) fort — 00, ¢c>0.

w

PROOF. In order to prove the first statement we will use the transformation
formula (13) for the theta function 6(a, z) := 0}, (ﬁ), where - recall - vol(ja) =
V/d,. Recall also from Example 3.10 that the lattice dual to ja is given by *j ((ad)™})
and note that 0+((q)-1)(2) = 8;((@)-1)(2) by the compatibility (*gz,"g) = (92, 9).

Since, in the same way as x — —x fixes a Haar measure on R", the transformation
x — x7! fixes the Haar measure d*x on S and maps the fundamental domain F

onto the fundamental domain F~!, whose image log(F~!) is again a fundamental
mesh of the lattice 2log |Oj; |, we have

1 1 1T -1 1] —1
- =— 6 Ay 2= — Oig | —— ] d*
ACHEIKAE o o) o

18 td
(2) —a‘ / 1 Gj((aa)q)(ix v/ tda) d*x
o

w - vol(ja)

Vit N
= E . Qj((aa)—l)(%l} \ t/d(aa)—l) dX%‘
=t fp ((a0)7,1) |

where we have used the fact that digm)-1 = 9M(ad) 2dk (see Lemma 3.8) and that
N0) = Ni/o(d) = di (see [5, 111.(2.9)]).

To prove the second formula, we write

1 1 o o 27‘71R
fr(at) = E/F d*z + E/ O(a,izt/™) — 1d*z Lemma 3.52 +r(t),

w

where we set r(t) := L [, (6(a,izt"/") — 1) d*z. Note that all the summands of
O(a,izt'/™) — 1 are of the form e~™(*/® J“>(t/d“)l/" with @ € a, a # 0. Further, since
z = (v,), € F' C Ky | varies in the compact closure of I, so there exists § > 0 such
that for all z € F and for all 7 we have z, > §. Hence,

(xja,ja) ZxT]T ) > d(a,a),
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and thus

=5 [ (Ze‘“wa’jaw_dﬂ—l) P < (a0 /iy — 1) 2

aca

Further, if we set m := min{(ja, ja) : 0 # a € a} and M := #{a € a: (ja,ja) = m},
we obtain

]a 25, /t/d _1 _ —7r6m t/da M+ Z —7r6 ((ja,jay—m) }/t/da _ O (e_ctl/n> ’
(ja,jay>m

wom

where ¢ = 77t In this way,

a

2T_1R _ctl/n
fr(at) = ” —I—O<e > ast — 00.

O

Now the Mellin principle (Theorem 2.9) together with Propositions 3.30, 3.33
prove immediately the sought properties of the completed partial zeta function

Z(R,s) and, as a consequence, of the completed zeta function of the number field
K

’

Zi(s) = Zoo(8)Ci(s) = > Z(R,5).

Theorem 3.34 The function

Z(R,s) = Zs(5)((R, s), Re(s) > 1

with Zuo(s) = |dg|*/*m /T (s/2), admits an analytic continuation to C\{0,1}
and satisfies the functinal equation

Z(R,s)=Z(R,1—5s),

where the ideal classes & and & correspond to each other via K] = [d]. It has
simple poles at s =0 and s = 1 with residues —%R and %R respectively.

PROOF. Let f(t) = fr(a,t) and g(t) = fr-1((ad)~',#). By Propositions 3.30,
3.33, Z(R,2s) is a Mellin transform of the function f(t) — %R which satisfies the

transformation formula
1
f (z) = t'2¢(t)

with
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27"—1

Hence, by Theorem 2.9, Z(&,2s) = M(f(t) —

uationjo s € C\{0, 1} with simple poles at s = 0 and s = 3 with residues —%R

and %R respectively, and satisfies the functional equation

— R, 5) admits an analytic contin-

w

Z(8,25) = M (f(t) _ 2;13, s) — M (g(t) A % - s) _ 21— 2),

where & € Clg is the class of the ideal ad.

Therefore Z (R, s) admits an analytic continuation to C\{0, 1} with simple poles
at s =0 and s = 1, residues —fU—TR and %R respectively, and satisfies the functional
equation

Z(R,s)=Z(R,1—3s).
0

Corollary 3.35 The completed zeta function Zk(s) admits an analytic continuation
to C\{0, 1} and satisfies the functional equation

ZK(S) = ZK(l — S)

2"h

It has simple poles at s = 0 and s = 1 with residues —TR and % respectively,

where h is the class number of K.

An explicit formula for Z.(s) together with Corollary 3.35 allows us also to

derive analytic properties of the Dedekind zeta function.
Corollary 3.36

(i) The Dedekind zeta function (x(s) has an analytic continuation to C\{1}.

(ii) At s =1 it has a simple pole with residue
21 (2m)n
Cw|dg |12
where h denotes the class number, R the requlator of K, dx the discriminant

and 11,219 are the numbers of real and complex embeddings, respectively.
(iii) It satisfies the functional equation

Ck(1 —s) = A(s)Ck (s)

(17) Ress—1Ck () hR,

with the factor

A(s) = |dg|*/? (cos 7;8>T1+TQ (sin g)m (2(2m)~°T(s)) " .

PRrOOF.
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(i) Ck(s) = Z ' (s)Zk(s), where Zk(s) has a simple pole at s = 0 and s = 1,
and where

Zil<8) — ’dK|fs/2ﬂ_ns/22(sfl)r2F <§) —n F(S)im

[e.o]

has a zero at s = 0 as ['(s) has a pole there, and

1\ ™
Z (1) = |dg| " Pamt/2e <§) = |dg | ?n".
.. _ Cor. 3.35 2r1(27)2
(i) Res,—1Cx(s) = ZZ (1) Resg1 Zic(s) =" i}ld(;l)m hR.
(iii) The factor A(s) = Z°Z°O(Ol(;)s) may be simplified to the form above by applying

the basic properties of the Gamma function listed in Lemma 2.10.
O

The identity (17) is known as the analytic class number formula. It may be
used to compute the class number h of those number fields K where one knows the
decomposition of prime numbers sufficiently well to be able to use an Euler product
for (x(s).

It turns out that properties of a single Dedekind zeta function may be used to
derive information on all Dirichlet L-functions. This is, again, possible thanks to an
Euler product and a fairly good knowledge on splitting of primes in that extension.
As a result we will obtain a proof of the previously announced Dirichlet’s theorem
on primes in arithmetic progression.

First we recall an important fact concerning characters on finite groups.

Theorem 3.37 (Orthogonality relations) Let G be a finite abelian group and denote
by G* := Hom(G,C*) a group of characters on G. Denote their neutral elements
by 1¢ and xo respectively. Then for g € G and x € G*:

#Gv X = Xo #G7 g = 1G
pu— d pu—
Z x(9) {O, otherwise o Z x(9) 0,

€aG o otherwise.
g X

PROOF. For the first relation, if x # xo, choose y € G such that x(y) # 1. Then

> x9) = xlwg) = xw)>_x9),

geG geG geG

and thus >, x(g) = 0. The case x = X is obvious.
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To prove the second relation we use the facts, which we leave as an exercise, that
G = G** and that the map

a:G—(G),  alg):x—x(g)
is an isomorphism. Then:

E:xw%=§:aumxxyz{#0ﬁ a@)ﬂwmkz{#a g=1¢

oerA yerc 0, otherwise 0, otherwise.

0

Proposition 3.38 If K = Q(u,) is the field of m-th roots of unity, then for Res > 1
1
Ge(s) =] T—N(p) > IT Lo,
plm x mod m
where x varies over all Dirichlet characters mod m and

Liy.s) = x(n) 11 1

n® 1—x(pp~—

n=1 pelP

1s a Dirichlet series.

PROOF. Recall that (x(s) = [, (1 —9(p)~*) "', Re(s) > 1. Since K = Q(tim)
is a Galois extension of Q of degree ¢(m) (where p(m) denotes the Euler function),
every prime number p has a decomposition in K of the form p = (p; - ... p,)¢ with
MN(p;) = f for all 4, and such that efr = p(m). Hence, (x(s) is a product of factors

[T ) =-p")"
plp

On the other hand, the product of the Dirichlet series over y gives the factor
[T, (1- x(p)p~*)"" (see Remark 2.2). Since we vary over the characters modulo
m, this product is 1 for all p|m.

Assume that p + m and fix the corresponding e, f,r. It suffices to show that
Hx (1—x(p)p~*) = (1 —p*fs)r, i.e. that splitting of the polynomial 1 — p~/* in
Q(pm) is governed by the characters modulo m. By [5, 1.(10.3)], we know a precise
splitting behaviour of primes in cyclotomic fields Q(f,):

m:Hpr = p= (pl.”..pr)cp(pl’z’) and pf =1 mod%
p

2Use the fundamental theorem of finite abelian groups and observe that for a cyclic group G
of order m, G* = {e?™/™ . q =1,... ,m} = G.
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(and f is the smallest positive integer with such a property). Hence, since p ¥ m,
e =¢(1) =1 and thus

=2 | @y s ia ey

G Gy

This is exactly the number of characters xy € G* modulo m which are trivial on G,,.
Indeed, observe that the map x + x(p) defines an isomorphism between G, and
the group s of f-th roots of unity; this yields an exact sequence

1 — (G/G) — G X2 Xp) pr  — 1,

Hence, # (G/G,)" = T

[Ta-x@p)=][Q-) =0-p7")".

X Cepy

=7 and

#
#

0

Note that by Theorem 1.6, if y is a non-trivial Dirichlet character modulo m,
the series L(x, s) converges and defines a holomorphic function on the halfplane
Re s > 0. Indeed, by Theorem 3.37, the partial sums ZZLM a, are bounded by m.

Corollary 3.39 For a non-trivial Dirichlet character x,
L(x,1) #0.

PRrROOF. Denote by m the modulus of the character x and let xo be the trivial
character mod m. Note that

1 —s
L) =[] 7= = [0 -9
-Pp
ptm plm
Hence, setting K = Q(u,), we obtain from Proposition 3.38 that

Gelo) = o [T =g IL =77 TT L),

plm plm XF#X0
Since both (x(s) and ((s) have a simple pole at s = 1, it follows that L(x,1) # 0
for any x # xo. O

Theorem 3.40 (Dirichlet’s Prime Number Theorem) Every arithmetic progression
a,axm,ax2m, ... with ged(a,m) =1

contains infinitely many prime numbers.
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PRrROOF. Let x be a Dirichlet character mod m and a € Z coprime to m. Then
for Re (s) > 1,

log L(x, s Zlog 1— ZZ k‘pks X ,

peP p k=1 p

where g, (s) = >, > 72, k( k) is holomorphic for Re (s) > 1. Further, summing over

all characters mod m, setting g(s) := Y. x (a™') g(s) and using the orthogonality
relations (Theorem 3.37), we obtain

Zx ) log Ly, s sza )4 g(s)
:ZZX(a_lb) Z 2%Jrg(s)
= Z @—I—g(s).

p=a mod m

(Note that the left hand side makes sense because a is coprime to m.) When we let
s € Ry tend to 1, by Corollary 3.39 we obtain

e X # xo: lim |log L(x,s)| < oo
s—1+
e x = xo: lim log L(xp,s) = lim <Z | log (1 —p~*) +10g§(3)> =0,
s—1+ s—1+ pim
so lim > x(a ) log L(x, s) = co. Hence, because g is holomorphic at s = 1,
s—1
im Y Ao

s—1t S
p=a mod m p

and thus the number of primes congruent to a mod m (if ged(a,m) = 1) must be
infinite. 0

In fact, the proof of the above theorem provides the Dirichlet density for the
set of prime numbers in an arithmetic progression.

Definition 3.41 Let M be a set of prime ideals in a number field K. The limit

y . Zpe]\{ m(p)ib
B e R

if it exists, 1s called the Dirichlet density of M.
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Theorem 3.42 If gcd(a,m) = 1, the set of prime numbers congruent to a mod m

has Dirichlet density ¢(1n).

PROOF. In the proof of Theorem 3.40 we actually showed that for s — 17F

o ! og((s :L I
> op = 5y os¢() +0@) ¢>(m)p%;p +0(1).

p=amod m

O

Remark 3.43 One can combine this with an estimate % = loglogxz + O(1) to
p<z

obtain

Z % = ¢(1n) loglogz + O(1).

p=amod m
p<x

Remark 3.44 Another kind of density of a set of prime ideals in K one might
consider 1s the natural density

. #{p € M|N(p) < =}
o) = i ) < o)

If the natural density of M exists, one can show that it is equal to d(M). Theorem
3.42 remains valid if we replace the Dirichlet density with the natural density but it
becomes significantly harder to prove, see [6].

Corollary 3.45 Let a be an integer that is not a square. Then the set of prime
numbers p such that a 1s a square modulo p has Dirichlet density %

Proor. Without loss of generality we can assume that a is square-free. Recall
that, for an odd prime p, the Legendre symbol (%) is 1 if b is a square modulo p, 0

if p|b and —1 if b is not a square modulo p. It is not hard to show that = — <I—’j> is a

homomorphism from (Z/pZ)* to {£1}. We recall the law of quadratic reciprocity.
If p and ¢ are distinct odd primes

()0)-cr

_ 2_
and the two additional equations (%) = (—1)% and (%) = (—1)pT1. Since a
is square-free we can write a = (—1)2°[] q with ¢; € {+1}. By quadratic

reciprocity

0)- () Q- (o

q q

qla,q odd
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T— 22— z— — . . .
The map X, : @ — (—1) 2 2% I1, (%) (—=1)*2" =" is a surjective homomor-

phism from (Z/4aZ)* to {£1}, so its kernel has index 2 in (Z/4aZ)*. Hence by
Dirichlet’s theorem the Dirichlet density of p such that (%) =1, is % O

Remark 3.46 Corollary 5./5 can be rephrased as follows: Let a € Z be squarefree,
so that the polynomial f(X) = X? — a is irreducible in Z[X|. Then the set of
primes such that f splits has Dirichlet density % One can study similar problems
for any monic irreducible polynomial f € Z[X| of degree n. In the following sections
we will prove Chebotarev’s density theorem which has powerful applications to such
questions. Two consequences will be
(1) The Dirichlet density of primes such that f decomposes into linear factors
modulo p is %, where N is the degree of the splitting field of f.
(2) The Dirichlet density of primes such that f has no roots modulo p is greater
than 0.

Corollary 3.47 Let K be a number field and o € Ok such that o mod p is a square
in Ok /p for almost all prime ideals p. Then « is a square.

PROOF. The idea is to compare (g (/) to (x. Details are left to the reader. [






CHAPTER 4

Hecke characters

We have proved the important properties such as meromorphic continuation
and the functional equation of L-functions associated to characters of the ideal class
group of a number field K following the original approach of Hecke from 1917. Hecke
realised that the same approach works for a much more general class of characters,
which are characters on fractional ideals of a number field. Before we come to
the general definition let us give several examples. The first example we give is a
generalisation of characters of the class group Clg:

Definition 4.1 For m an integral ideal of K we denote by J™ the group of all
fractional ideals which are relatively prime to m, i.e.,

J"={a€ J:gcd(a,m)= Ok}
Let P™ be the group of principal ideals (a) such that
a is totally positive and a = 1 mod m.

where we say that
e a is totally positive if T(a) > 0 for every real embedding T,
e a = 1modm if a = b/c for b,c € Ok that are coprime to m and b =
¢ mod m.

The group

cim=Jm/p"
is called the ray class group modulo m and it is finite (exercise). A (generalised)
Darichlet character modulo m is a character of the group CI™ or, equivalently, a
character x : J™ — ST with x|pm = 1.

Example 4.2 Let K = Q and m = (m) for some integer m. Then, by mapping
an ideal (n) € J™ to |n| mod m, we get an isomorphism J™/P™ = (Z/mZ)*. So
Dirichlet characters modulo m correspond to classical Dirichlet characters modulo
m.

Here we see that characters of quotients of (Z/mZ)* can be interpreted as char-
acters on groups of fractional ideals. Starting with a Dirichlet character x; modulo
m we have to be careful about extending it to ideals. For n coprime to m we

49
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cannot just define x((n)) = x¢(n), since the ideals (n) and (—n) are equal but
xX(n) = x(=1)x(—n). We are led to the definition

() =t (2 )

id

where yr(—1) = (—1)P, that gives the precise connection between Dirichlet charac-
ters modulo (m) defined above and classical Dirichlet characters modulo m.

Definition 4.3 A Gréfiencharacter modm is a character x : J™ — St :={z €
C: |z| = 1} for which there exist a character x; : (O /m)* — S' and a continuous
character X : Ky — S, called the infinity type of x, such that for all a € O
coprime to m we have

X((a)) = xe(a)xoo(a).

Generalised Dirichlet characters are special cases of Grofiencharacters and we
will mostly be interested in them.
Note that y. is uniquely determined by x. Define

K"={a€ K: a=1modm}

Then K™ is dense in K by the Approximation Theorem which you can find in [5,
Chapter II (3.4)] and for a € K™ we have xoo(a) = x((a)). The character x; is also
uniquely determined by x since for a € (O /m)* we have x¢(a) = x((a))xoo(a)™.

As with Dirichlet characters we can induce Groflencharacters from smaller mod-
ules. If m’ divides m and Y’ is a GroBencharacter on J™, then we can restrict
X' to a GroBlencharacter on J™. A GroBencharacter modm is the restriction of a
GroBencharacter mod m’ if and only if x; factors through (O /m’)* (see [5, Theo-
rem (6.2)]). A Grossencharacter is called primitive if it is not the restriction of a
Grossencharacter x' modulo a proper divisor m/|m.

Let us now study the possible infinity types of Grofencharacters.
Proposition 4.4 The continuous characters on Ky are given by
M) = N(zP[z|7+),
where p € [[. Z is admissible and ¢ € Ky +. Both p and q are uniquely determined
by .

PROOF. The map x — 5;|x| gives a homeomorphism between Ky and U x K ,

where U = {u € K : |u| = (1,...,1)}. We will determine the characters of U and
of Kg , separately. We have

U= H {£1} x H {(a,@) :a € S'}

T real {7,7} complex
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The spaces {(a,a) : a € S'} are homeomorphic to S by a — (a,@) and the contin-
uous characters on S! are given by z + 2% for k € Z. Hence the characters on U
are given by

x +— N(zP)

for an admissible p. The group Kﬁ’ + 1s homeomorphic to

Kee=[[Rx [] A{(@a):acR}

7 real {r7} complex
via log. A character on Kp 4 is given with a choice of ¢ € K 1 by
T H glarr H eXartT = N(e'1").
7 real {r7} complex
Going back to Ky , via log we see that characters on Ky , are given by y +— N(y").
Finally, using our decomposition Kz = U x K ., we see that characters on K are
given by .
A(z) = N(2”|z[ )
[

The proposition allows us to denote the infinity type of a GroBlencharacter simply
by (p,q). We are now ready to prove that generalised Dirichlet characters are Hecke
Groflencharacters.

Proposition 4.5 The Dirichlet characters x modulo m are precisely the Groffencharacters
modulo m with infinity type (p,0) where p satisfies p, = 0 for all complex T.

PROOF. Let x be a Groflencharacter modulo m of type (p,0) with p, = 0 for
complex 7 and let (a) € P™. Then

x((a)) = xs(a)N(a”|a| ") = 1.
So x factors through J™/P™.
Conversely assume x is a character on J™/P™ which we view as a character on
J™ that is trivial on P™. Let KT' be the elements of K™ that are totally positive.
Then

(18) K™/K™ = KX [{z € K Yy enwr > 0} 2 [ {21}

T real
Define o as the composite of the natural map K™/KT — J™/P™ with x. By (18)
we can interpret X as a character on K3 which is trivial on {z € Ky : V; yea1 2, >

0}. Since we classified the characters on K we see that xo(x) = N(2P|z|™P) with
pr € {0,1} if 7 is real and p, = 0 if 7 is complex. Now set

xe(a) = x((a))xoo(a)
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for a coprime to m and check that this indeed gives a character of (Ox/m)*. O

Fxample 4.6 Let K = Q. For any q € R, the character

xs((a)) = la|"
is a Grifencharacter of infinity type (0,q).

Example 4.7 The Dirichlet characters x modulo Ok with infinity type (p,0) =
(0,0) may be viewed as characters of the ideal class group Clx = Ji/Px. Indeed,
for m = Og, xr is defined on {1} and thus must be trivial. Further, for p = 0 we
must have Xoo = 1. By the definition, this means that for all a € Ok, x((a)) =

Xt(a)Xoo(a) = 1.

Remark 4.8 Fquivalently Grossencharacters are nowadays defined as continuous
characters of the idéle class group Ay /K*.

1. Hecke L-functions

To a Grossencharacter y : J™ — S we can associate the L-series
x(a)
L(x,s) = E ——
(X? ) - m(a)s )

where the sum is over all integral ideals of K and we set x(a) = 0 if (a,m) # Ok.
These L-functions satisfy similar properties to the L-functions we studied in previous
sections and the proofs follow the same startegy. That is, the L-functions are written
as Mellin transforms of functions related to general theta functions. The properties
of the L-function then follow from transformation and growth properties of the theta
functions. For this reason we skip the proofs in this section and just state the results.
The proofs can be found in [5, Chapter VII].

Proposition 4.9 The L-series L(x,s) converges absolutely and uniformly on com-
pact subsets of the half plane Re(s) > 1. In the region of absolute convergence we
have the Euler product

1
oo == g

where the product is taken over all prime ideals of K.
In the following theorem we set

Loo(x, 5) = N(x =)0 ie((s1 +p — iq) /2)
where 1 = (1,...,1) € Kg.
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Theorem 4.10 Let x be a primitive Groffencharacter modulo m. Then the com-
pleted Hecke L-function

A(x. 8) = (|dr [ 9(m))** Lo (x, 5)L(x; 5)
has holomorphic continuation to
C\A{Tr(—=p+iq)/n,1+Tr(p+iq)/n}
and satisfies the functional equation
Alx,s) = WA, 1 - s).
It is holomorphic on all of C if m # 1 or p # 0. Here W(x) is a complex number of

absolute value 1.

We will only give the proof of this theorem in a very special case, when Y is
a character of the class group Clg. Then y can be viewed as a character on the
group of fractional ideals Jx that is trivial on Py, the group of principal ideals. In
particular y is trivial on PP% and hence it can be viewed as a Dirichlet character
modulo Ok. Then

Lix,s)= Y 99;((2;:

0#£a< Ok

> X(R)k(R5),

ReCli

For such an L-function Theorem 4.10 follows from the properties of the partial
Dedekind zeta functions (x (8, s) that we studied in the last section and the orthog-
onality relations in Theorem 3.37.

Corollary 4.11 For a non-trivial character x of Clg the completed zeta function
ZK(X‘/ S) - Z X(ﬁ)ZK<ﬁv S)
ReClg

18 holomorphic on all of C and satisfies the functional equation
ZK(X7 S) - X<D>ZK(>_<> 1- S) :






CHAPTER 5

Artin L-functions

In this chapter we will get to know a new source of L-functions: Galois represen-
tations. We first give some basic properties of decomposition groups and Frobenius
elements that we will need later. Let L/K be a Galois extension with Galois group
G = Gal(L/K) and B < Oy, be a prime above p < Ok. The decomposition group
of P (over p) is defined by

Dy ={0e€G: 0B =P}
Considering the action of Dy on Op /B we get a surjection from Dy to the cyclic
Galois group Gal((Or/B)/(Ok/p)). The kernel Iy of this surjection is called the
inertia group and the element Frobg of Dy /Iy that maps to ¢(x) = 2#(©OK/?) is the

Frobenius element. In all these notations we will sometimes write B /p instead of
B in the indices to emphasise the prime that lies below ‘B.

Lemma 5.1 Let 7 € G. The Galois action on prime ideals above p translates to
an action by conjugation on decomposition groups, inertia groups and Frobenius
elements:

Dripy = TDqu_l, Iy = TquT_l, Frob,p) = TFl“Obqu_l.

PROOF. Let o € G. Then o fixes 7(*R) if and only if 7707 fixes P. Now let
0 € D). Then o(z) = 2 mod 7(P) for all z € O, and a fixed i. This is equivalent
to 77! oo o7(x) = 2" mod P. If i = 1 this proves the statement about Iy, while
if i = |Ok /p| we obtain the statement about Frobg. O

Lemma 5.2
#Dg =e,f,, #lp =e,, ord(Froby) = f,.

PRrROOF. Let m be the number of primes above p. The Galois group acts tran-
sitively on this set and the decomposition groups of each of these primes have the
same size by Lemma 5.1. Hence

m#Dy = # Gal(L/K) = [L : K| = me, f,.

The other statements follow from the fact that Gal((Or/B)/(Ok/p)) is cyclic of
order fy/p. O

55
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Recall that if L/K is the splitting field of an irreducible polynomial f(X) €
Ok[X] of degree n, then the Galois group Gal(L/K) can be embedded in the sym-
metric group .S,,. This is because any Galois automorphism in Gal(L/K) is uniquely
determined by the permutation it induces on the roots aq, ..., «, of f.

Proposition 5.3 If, in the situation above, p is a prime of K and

f(X) = q1(X)g2(X) ... gr(X) mod p,

with g;(X) € Ok /p[X] distinct irreducible polynomials of degree deg g; = d;. Then,
if q is a prime above p, Froby,, € Gal(L/K) < S, has cycle type (di, ..., dy).

PROOF. Since f(X) =[], (X —a;), f(X) mod q splits into linear factors mod-
ulo q. Note that, because the g; are distinct, the roots o; mod q are distinct. That
means that an element o € D/, has exactly the same permutation action on the «;
as ¢ € Gal(Or/q : Ok/p) does on the roots o; mod q.

Since Op/q contains a splitting field of every g; the cyclic group Gal(Op/q :
Ok /p) acts transitively on the roots of g; for every i. Any generator of Gal(Op/q :
Ok /p) thus has the correct cycle type. O

Remark 5.4 If L/K is abelian (i.e., Gal(L/K) is abelian) and p is unramified, by
Lemma 5.1 Frobg, is an element of Gal(L/K) that is independent the choice of B
above p. In this case we will write Frob, for the Frobenius element of any prime
above p. An unramified prime p splits completely if and only if f, = 1. By Lemma
9.2 this is the case if and only if Frob, s trivial.

1. An old example

In Example 4.2 we saw that Dirichlet characters modulo m correspond to ray
class group characters modulo m = (m). Thus Dirichlet L-functions can be inter-
preted as Hecke L-functions. Here we will see a new perspective. Let (,, be an m-th
root of unity. Recall that

(Z/mZ)* = Gal(Q(¢n)/Q)
at— ( a - Cm = Cﬁn)
(Com

o,
Let p 1 m, so that p does not ramify in Q((,,). The Frobenius element associated to
a prime p is the element Frob, € Gal(Q((,,)/Q) with

Frob,(z) = 2P mod p,

for any prime ideal p|p. Since the m-th roots of unity are distinct modulo p we must
have Frob, = o,,. If x is a Dirichlet character modulo m, let x be the corresponding
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character of the group Gal(Q(¢,)/Q) via the above isomorphism. We see that if
p 1 m, then the Euler factor

Ly(x.8) = (L= x(p)p~)~"
of the Dirichlet L-series is equal to
(19) Ly(X, 8) = (1 = X(Frob,)p~*)~".
Analogously we can attach such Euler factors to any character of a Galois group.
This is the first inspiration for the definition of Artin L-functions.

2. A new example

In the exercise class we studied the extension L = Q(«), where a has minimal
polynomial P(X) = X3 — X — 1, and looked at the following extensions:

H
e
K=Q(-23) |5 L
& Agree 3

Q

The field H is the Galois closure of L. We showed that only p = 23 ramifies in H

and no prime p of Q is inert in H/Q. So there are three possible ways p can split in
H:

919293949596 and e, = f, =1, N(q;) = p

(20) POy = q19293 and e, =1, f, = 2,N(q;) = p23
192 and €p = L, fp =3, m(qZ) =pr,
a7 9343, if p =23, N(p;) =p.
We looked at the L-function L(s) = (z(s)¢(s)™!, which had the Euler factors
((1—p)? if pOn = 419293949596,
o)A =p) if pOy = 419293,
LP(S) - —s -1, —s : _
(1=Gp )1 =G p™°) if pOy = qiae,
(1 —=p7°) if p = 23,

and we showed that

(21) Crr(s) = L(s)*Cie(5)-
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The situation is similar for all Ss-extensions of Q. Artin realised that the L-function
above can be defined similarly to Dirichlet L-functions. His crucial idea was that
since Gal(H/Q) is not abelian, one should look at irreducible representations of
Gal(H/Q) rather than characters, which are only the 1-dimensional representations.
The group S3 has an irreducible 2-dimensional representation St, called the standard
representation, defined as follows. It is a group homomorphism from S5 into GLy(Q)

such that
St((12)):<_01 D St((123)):<(1) j)

We now try to imitate the definition of the L-factor in equation (19) and define
L,(s) = det(1y — St(Frobg,)p~*) 7,

for p # 23, where q is any prime of H above p. Any other choice q' would give a
Frobenius element that is conjugate to Frobg and since the determinant only depends
on the conjugacy class of a matrix, the definition of L, is independent of the choice
of g. Note that up to conjugacy, every element of S3 is determined by its cycle type.
So it suffices to determine the cycle type of Froby/,. If pOy = 419293949596, then
Frobg, /, is trivial and hence Ly(s)™ = (1 —p~*)2 If pOy = q1q293, then Frobg, /p
has cycle type (12) and hence

Ly(s)™" = det (1 — St((12))p~*) = det( (1 *Op . _pp_s)) = (1—p>).
Finally, if pOy = q1q2, then Lp(s);1 =(1+p=*+p2)=1-CGp 1 -G'p®).
So for p # 23 the Euler factors of L,(s) exactly correspond to the Euler factors of L!
Artin’s idea of studying L-functions related to Galois representations led to a rich
theory that immediately explains equations such as (21) and provides a powerful
tool to study the behaviour of prime ideals in extensions of number fields.

3. Representation theory

A representation of a finite group G is a homomorphism p : G — GL, (V) for
some complex vector space V with n = dim¢ V'; n is the degree of a representa-
tion (p, V). Note that p describes an action of the group G on V, and thus V is a
G-module. In general, a complex vector space together with an action of a group
G gives rise to a representation of G. The representation (p, V') is irreducible if V/
does not admit any proper G-invariant subspace.

Example 5.5

(1) A 1-dimensional representation of G is the same as a homomorphism from
p:G— GLi(C) =C*. Ifp(g) =1 for all g € G we call it the trivial
representation and denote by 1.
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(2) The representation St is a 2-dimensional irreducible representation of Ss.

A homomorphism of from (p,V) to (p/,V’) is a homomorphism ¢ : V. — V'
such that for all g € G and v € V' we have ¥(p(g)v) = p'(9)¥(v). We say that two
representations (p, V'), (p’, V') are equivalent if there exists an invertible homomor-
phism between them. Every representation factors into a direct sum of irreducible
representations. If V= V" & ... & V' and (p;, Vi) are pairwise non-equivalent
irreducible representations, then we call r; the multiplicity of p, in p.

The character of a representation (p, V) is the function

Xp: G = Co xp(0) = tx(p(0)),
where tr denotes the trace (of a matrix p(c)). The character x, is irreducible if p
is irreducible. Note that:
Xp(lg) = dime V' = deg(p);
X1 is a constant function equal to 1;

Xp@p = Xp T Xp's
xploTo™t) = x,(7) for all 0,7 € G.

In general, a function f : G — C satisfying f(oro™!) = f(7) for all 0,7 € G is
called a class function.

Fact 5.6 (1) Ewvery class function can be written uniquely as a linear combina-
tion of wrreducible characters.
(2) Two representations are equivalent if and only if their characters are equal.
In particular,

S

P~ Z T'aPa — Xp = ZTWX,D(X
a=1

a=1
On the space of class functions we define a hermitian scalar product
1 _
(¢, ¥) = 7 ;%0(0)@/)(0) :

where () := (c7'). One can prove that if ¢ = y and ¢ = x’ are irreducible
characters of G, then'

1 _ 0, if x # X’
X)) =77 ) xxX'(o) = .
G(;G 1, if x =%/,

i.e., the irreducible characters form an orthonormal basis of this space. In particular,
ifV=V"ae...e V] is a decomposition of a representation V' with character x

1f G is abelian, this follows from orthogonality relations stated in Theorem 3.37. Indeed, in
this case the condition xx’ = 1 means that x = x’.
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such that V; are pairwise distinct irreducible representations with characters y;,
then r; = (x, x;) is the multiplicity of V; in V. If we take V; = C to be the trivial
representation, then
(x, x1) = dim(spanc{v € V : V,eqo - v =v}) =: dimc VY.
Of special importance are the following representations:
(1) (left) regular representation is given by a vector space
V=C[G] ={) z.7:2, €C}
TEG

(which is freely generated by elements of GG) on which G acts via multi-
plication on the left, ie., 0-> 2,7 := > _sz,07, 0 € G. If C[G] =
Vit@...® V] and (p;, V;) are pairwise non-equivalent irreducible repre-
sentations, then r; = x,,(1¢) and thus

(22) XcG) = Z Xpi(lG>XPi :

Inserting 145 we see

S

(23) #G = (dim V).

=1

Corollary 5.7 Let G be an abelian group. All irreducible representations
of G are 1-dimensional.

Proor. This follows from the fact that the character group G* =
Hom(G,C*) of G has the same size as G. Since the elements of G* de-
fine #G* = #G pairwise distinct irreducible 1-dimensional representations
we see from (23) that there can be no others. O

(2) restricted representation is given by restricting a representation (p, V')
of G to a subgroup H of G; we denote it by (p|z, V) or (Res$ p, V).
(3) induced representation: let H be a subgroup of G, and (p, V) a repre-
sentation of H. We define (Ind%p, Ind%(V)) to be the vector space
Ind3(V) := {f : G = V |Vrenf(r2) = p(7) f(2)}
on which ¢ € G acts via (¢ - f)(z) := f(zo). The character of the induced
representation Indgp is given by the formula

Xlndgp(o-) = Z XP(TUT?l)v
TEG/H

where we set x, (o) :==0if ro77 ' & H.
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4. Representations of decomposition groups

Let L/K be a Galois extension, p a prime in K, 8 a prime in L above p, and

Lemma 5.8 Let (p,V') be an irreducible representation of D and let
Vi={veV :Verguv=n0}.
Then either VI =0 or VI =V is 1-dimensional and factors through D/I.

PROOF. Since I < D, the subspace V! is D-invariant (exercise) and hence, since
(p,V) is irreducible, either VI = 0 or V! = V defines a representation of D (exer-
cise). In the latter case p factors through D/I, so V can be viewed as an irreducible
representation of the abelian group D/I. By Corollary 5.7 these representations are
1-dimensional. U

Hence, a general representation of D is a direct sum A @® B of vector spaces such
that A’ =0 and B = B! = VI, Let

chary(p, X) = det (X — p|yr(Frobg,))

be the characteristic polynomial of p|yr(Frobg/,). When we write p|yr(Frobg/,)
we mean p applied to any lift of Froby,, € D/I to D. This is well-defined because
I C ker(pl|yr). If we choose a different prime P’ above p, the corresponding Frobenius
automorphism will be conjugate to Frobg,,. Since characteristic polynomials of
conjugate endomorphisms are equal, the definition of char, does not depend on a
choice of prime B above p.

Lemma 5.9 Let ¢ : D — D/I — C* be the 1-dimensional representation of D with
Y(Frobg/,) = ¢ for an fy,-th root of unity (. Then (1, X,) is the multiplicity of
(X — () in chary(p, X)

Proposition 5.10 Let K C F C L be an intermediate field and (p, V') a represen-
tation of H = Gal(L/F). Then

char, (Resiy" /™) ndi % p X)) =T chary (Resp, p, Xo1v),
slp

where the product is over all prime ideals s of F' lying above p and s’ are primes of
L lying above s.

SKETCH OF PROOF. Since both the left and the right hand side are polynomials
whose roots are fy/,-th roots of unity it suffices to show that the multiplicity of
(X — () is equal on both sides for every fy/-th root of unity. By Lemma 5.9
this can be translated into a statement about the multiplicity of a character ¢ in
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p. And this in turn can be treated with Mackey’s formula
and Frobenius reciprocity, two classic tools in representation theory. We skip this
last part of the proof. 0

Resgal(L/K) In dgal(L/K)

5. Artin L-functions

Definition 5.11 Let L/K be a Galois extension of algebraic number fields with
Galois group Gal(L/K) and let (p,V') be a representation of Gal(L/K). Then the
Artin L-series attached to p (or equivalently to x ) is defined to be

1
L(L/K, p,s) = H T o (Frobg ) Tp[cp@/K, p.s).

where p runs through all prime ideals of K, R is a prime above p.
Since L,(L/K,p,s)~" = (p)-sdimV™ Charp(Resgi LK) b M(p)*) the local L-
factor £,(L/K, p, s) does not depend on a choice of prime ideal B above p.

Remark 5.12 Taking the logarithm we see more directly the dependence of L(L/ K, p, )
on the character x:

Frob ; Vi 33 Frob : Vs
log L(L/K, p,s ZZ ‘43 :Z%—FO%ANU,
p m>1 p

where we define x(Froby; V¥) = tr (p|V1qB (Froby)). Using this expression we can,
by comparing to log (k(s), show that L(L/K, p,s) converges absolutely and locally
uniformly for Res > 1.

Example 5.13 Recall the L-function L(s) = (1 (s)((s)™! from Ezample 2. We can
now identify it as

L(s) = L(H/Q,St, s),
where Xst is the character of the standard representation of Gal(H/Q) = Ss. Indeed
we already checked that for the unramified primes p # 23 the local FEuler factors
L,(s) and L,(H/Q,St,s) are equal, so it just remains to check

Lo3(H/Q,St,s) = (1—p~)~".

The following proposition presents a relation between Artin L-series attached to
representations of various Galois extensions. In particular, if p is trivial, it coincides
with a Dedekind zeta function.

Theorem 5.14 (Artin formalism) Let L/ K be a Galois extension with Galois group
G = Gal(L/K).
(i) For the trivial representation 1,

E(L/K7 1, 5) = CK(S) :
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(ii) If p, p' are two representations of Gal(L/K), then
L(L/K,p®p',s)=L(L/K,p,s)L(L/K,p,s).
(iii) If N <« G lies in ker(p), so that p induces a representation p of G/N =
Gal(L" /K). Then
L(L/Kp,s) = LYK, ,5).
(iv) If F' is an intermediate field, L O F O K with H = Gal(L/F) and 7 is a
representation of H, then

L(L/K,Ind% 1,s) = L(L/F,T,s).

PRrROOF.

(i) Clear.
(ii) Note that for two representations (p, V'), (p/, V') of Gal(L/K), the repre-
sentation (p @ p', V @ V') evaluated at g € Gal(L/K) is given by a block

diagonal matrix <p @ ) Hence,
F'(9)

det (1= (p® )|y aysyos (Froby) N(p) ™)
= det (1 — p, 1y (Frobg)9(p)~*) det (1 — p'|, 11 (Frobgs)M(p)~*) .

(iii) Let B'|'B|p be prime ideals of L, LY and K respectively, each lying above
the next, and let h : G — G/N be the natural projection. It suffices to
prove that h(Frobg) = Froby and h : Iy, — Igp. This follows easily
from the observation that Dy, = (Dg/p,N)/N and I/, = (IppN)/N.

(iv) Let s'|s|p be prime ideals of L, F' and K respectively, each lying above the
next. We check the equality of Artin L-series for every Euler factor: by
Proposition 5.10 and the fact that 91(s) = 9(p)”/»,

W(P)Sdimlndg(v)IS,/p Ly(L/K,p,s)"! = Charp<Resg5//p Ind§ 7, N(p)*)
= H char, ( Resgsl/s T, ‘)’t(p)sfﬁ/")

slp
. 15/ s
= N(p)* et P VI T Lo(L/Fy7,8) 7!
slp
. 15/
= N(p)* T T Lo(L/Fors)
slp

The equality Y, fo/p dim V'#/s = dimInd (V)7 follows automatically
from the equality of characteristic polynomials in Proposition 5.10.
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Corollary 5.15

(24) Cu(s) = Cu(s) [ [ £(L/K, p, s)7
p#1

where the product runs over the non-trivial irreducible representations of G = Gal(L/K).

PROOF. Note that Ind{Gl}(l) = C[G] (exercise) and by (22) C[G] = D, plese),
where the sum is over all irreducible representations of G. By Theorem 5.14

Co(s) = L(L/L,1,s) = L(L/K,Indf, (1), s)
= HE(L/K, p, )38 = (i (s) H L(L/K,p,s)ier.

p p#1

O

Neukirch writes that “The starting point of Artin’s investigations on L-series had
been the question whether, for a Galois extension L/K, the quotient (. (s)/Ck(s)
is an entire function, i.e., a holomorphic function on the whole complex plane.” In
fact, Artin conjectured

Conjecture 5.16 (Artin) For every irreducible representation p # 1 of Gal(L/K),
the Artin L-series L(L/K, p,s) defines an entire function.

The simplest case of this conjecture is when L/K is an abelian extension, that
is, when the Galois group Gal(L/K) is abelian.

Recall from section | and Example 4.2 that for an integral ideal m = (m) < Z
we have an isomorphism

J"/P™ = (Z/mZ)* = Gal(Q(¢n)/Q) .

In this way generalized Dirichlet characters mod m correspond to (classical Dirichlet
characters mod m and further to) characters of Gal(Q((,,)/Q). This correspondence
can be extended to Dirichlet characters mod m for any integral ideal m in any number
field K. As we will explain in more detail in Section 7, for any number field K and
any m < O there exists an abelian extension K™ /K, called ray class field modulo
m, that is characterised by the property that the only primes that ramify in K™ /K
divide m, and the primes that split completely in K™/K are precisely those which

are congruent to principal ideals in P™. For this extension there is an isomorphism
between J™/P™ and Gal(K™/K) called the Artin reciprocity law, defined by

~

(25) J"/P™ =5 Gal(K™/K),  amod P™+— | [(Frob,)®°,
p
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where p varies over prime ideals in Og and a = [, p®®. The isomorphism (25)
provides a correspondence between generalized Dirichlet characters mod m and char-
acters of the (abelian) Galois group Gal(K™/K).

In fact, one can show that every abelian extension L/K is contained in a ray class
field K™ for some m < Ok. Then L = (K™)# for some subgroup H < Gal(K™/K).
Since every character of Gal(L/K) = Gal(K™/K)/H can be viewed as a character
of Gal(K™/K) that is trivial on H, we can also view characters of Gal(L/K) as
generalised Dirichlet characters modulo m. Moreover, if m is chosen to be minimal,
then the primes that ramify in L are precisely those which divide m; we call such m
the conductor of L.

The next theorem describes a relation between the corresponding Hecke L-
function and Artin L-series.

Theorem 5.17 Let L/ K be an abelian extension contained in a ray class field K™,
X an irreducible character of Gal(L/K) and X the associated Dirichlet character
mod m, i.e., the character X of J™/P™ defined by x(p) := x(Froby). Then the Artin
L-series for the character x and the Hecke L-series for x satisfy the identity

1 .
L(L/K,x,s) = g T Frobg () L)

where S = {plm: x(Ip,) = 1}.

Proor. We compare the Euler factors of the two L-series:
(1) If p t m we have
L,(L/K,x,s) = (1— x(Frob,)M(p)~*)~!
and
Ly(X; s) = (1= X(p)0(p) ™)~
and so these Euler factors correspond by the definition of y.
(2) If p | m and x(Ig/) = 1, then the Euler factor L,(X, s) is 1, while the Euler
factor £,(L/K, x, s) equals (1 — x(Frob,)0(p)~*)~".

(3) If p | m and x(Iy,) # 1 the Euler factors L,(x,s) and L,(L/K, X, s) are
both 1.

0

Hence, whenever the set S is empty, the above theorem together with Theorem
4.10 on meromorphic continuation of Hecke L-series prove Artin’s conjecture for
abelian extensions. As we will see later the condition on S = () translates precisely
to the conditions on x required by the conjecture.

We finish this section a very powerful corollary from the above theorem.
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Corollary 5.18 Let L/K be an abelian extension and x a non-trivial character
of Gal(L/K). Choose m such that L C K™ and let X be the character of J™/P™
associated to x. Then L(L/K,x,s) has holomorphic continuation to C and both
L(x,s) and L(L/K,x,s) do not vanish at s = 1.

PROOF. First note that the Hecke L-series L(¥X, s) may be holomorphically con-
tinued to C:

e if m # 1 or the infinity type (p,0) of x is different than (0,0), this follows
from Theorem 4.10;

e if m = 1 and (p,0) = (0,0), then x is in fact a character of the ideal
class group Clg (see Example 4.7), and thus the hypothesis follows from
Corollary 4.11.

Now we prove that this is also the case for the Artin L-series L(L/K, ¥, $).
Let L X be the fixed field of kery, so that by Artin formalism L(L/K,y,s) =
L(L*X/K ¥,s). Let f be the conductor of L**X/K. Then X corresponds to a
Hecke character x; on .J T/PT. Since X is injective, the set S that appears in Lemma
5.2 1s

S ={plf: x(Ipsp) =1} = {p|f : p unramified} = 0.
Hence by Theorem 5.17 L(L*"X /K, X, s) = L(Xj, s), and the latter Hecke L-function
is holomorphic.

By Corollary 5.15 and the fact that both (x and (; have a simple pole at s = 1
(Corollary 3.36), it follows that for every mnon-trivial character ¢ of Gal(L/K),
L(L/K,1,1) # 0 (note that a character being a degree 1 representation is auto-
matically irreducible). Hence the same is the case for L(x,1). O

Using Artin formalism we can treat 1-dimensional representations of non-abelian
Galois groups as well:

Corollary 5.19

(1) Let L/K be a finite Galois extension and p be a 1-dimensional representa-
tion of Gal(L/K). Then L(L/K,p,s) extends to an entire function on C
and does not vanish at s = 1.

(2) If L/ K is an abelian extension, then (1 (s)/Cx(s) extends to an entire func-
tion on C that does not vanish at s = 1.

PROOF.

(1) By Artin formalism L(L/K,p,s) = L(L*'?/K,p,s) and the extension
Lkrr /K is abelian, since Gal(L*'?/K) is isomorphic to the image of p
in C*. Now we can apply Corollary 5.18.
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(2) If Gal(L/K) is abelian, the second statement clearly follows from the first
and Corollary 5.15, since all irreducible representations of the abelian group
are 1-dimensional.

O

The above result is only a tip of the iceberg of the properties of the Artin L-series
that can be deduced from the Hecke L-series thanks to the isomorphism (25). In
order to extend Corollary 5.18 to Artin L-series associated to any non-trivial irre-
ducible representation, we employ the following standard result from representation
theory.

Theorem 5.20 (Brauer’s induction theorem) For every representation p of a finite
group G there exist characters x;,v; of some subgroups H;, F; of G and a;,b; € N
such that

& Ind§ X! & p = &, IndF, ¥ .
Moreover, if (x,, x1) = 0, then x;,v¢; can be chosen to be non-trivial.

Corollary 5.21 Let (p,V') be a non-trivial irreducible representation of Gal(L/K).
Then
L(L/K,p,1) # 0.

PROOF. By Artin formalism (Theorem 5.14) and Brauer theorem, there exist
characters x;,1; of some subgroups H;, F; of Gal(L/K) and a;,b; € N such that

T L/ Ly, )P
L L(L/LM g, s)%

s)
In particular, by Corollary 5.18, the L-series L(L/K, p, s) admits meromorphic con-
tinuation to C and is well-defined at s = 1. Moreover, L(L/K, p,1) # 0. O

L(L/K,p,s)







CHAPTER 6

The Chebotarev Density Theorem

Let K C L be a Galois extension and p be a prime ideal in K. Recall that a
conjugacy class of a group G has the form C, = {g7'hg : g € G} for some h € G.
By Lemma 5.1 the conjugacy class in Gal(L/K) of Frobg,, is independent of the
choice of a prime q above p. For a conjugacy class C C Gal(L/K) we define the set

Pr/k(C) = {p < Ok : p unramified, Vg, Frob,,, € C}.

Dirichlet’s theorem 3.42 can be restated as follows. For any m > 1 and a with
ged(a,m) = 1 the set Py(c,.)y0({a}) has Dirichlet density m This is a special case

of:

Theorem 6.1 (Chebotarev Density Theorem, 1922) Let K C L be a Galois exten-
sion and C C Gal(L/K) be a conjugacy class. Then the Dirichlet density of Prk(C)

s given by
#C

d(PL/x(C)) = #Gal(L/K)

PRrROOF. Let Io : Gal(L/K) — {0,1} be the characteristic function of C, i.e.
Ic(g) = 1 if and only if g € C. Since I¢ is a class function, it can be written as a
linear combination of irreducible characters (see Fact 5.6): Ic = _ ¢,x,. We have

_ __ #C
a=Uel) = o TR
For Res > 1,
D )= ) Le(Frobey)N(p) = ¢, Y X,p(Frobg)9(p)
p<Ok p<Ok p p<Ok
Frobq/pec
#C _ _
= Np) "+ ) ¢ X, (Frobg,)9(p)~°
#Gal(L/K) ;K ( ) #ZI Pp;}{ P( q/p) ( )
Now, by Remark 5.12; for p # 1,
Xp Frobq/p

Z Xp(Frobg ) 9(p)~° + Z Z =log L(L/K,p,s),

p<aOgk PO m>2
69
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where the second sum is absolutely convergent for Res > 1/2 (recall that there
are at most n = [K : Q] primes p above every p € P and N(p) = p/r» > p). By
Corollary 5.21, |log L(L/K, p,1)| < oo and thus the sum over p # 1 converges as
s — 11, Since there are only finitely many primes p which ramify, this finishes the
proof. O

Corollary 6.2 Let f € Z[X] be a monic irreducible polynomial of degree n and
Gal(f) < S, the Galois group of its splitting field. Then the set of primes p such
that f mod p factors as a product of irreducible polynomials of degrees dy, ..., d, has
Dirichlet density

#{g € Gal(f) : g has cycle type (di,...,d,) on the roots of f}
# Gal(f) '

PROOF. Let Q(f) be the splitting field of f. Since only finitely many primes
ramify in Q(f) and this is a question about densities, we can restrict our attention to
unramified primes. By Proposition 5.3, the unramified primes p for which f mod p
factors as a product of irreducible polynomials of degrees dy, . .., d, are precisely the
primes whose Frobenius element has cycle type (di, ..., d,). The density of primes
with Frobenius element in this conjugacy class is given in Theorem 6.1. 0

We can now prove the statements made in Remark 3.46.

Corollary 6.3 Let f € Z[X] be a monic irreducible polyonomial of degree deg f > 1
and Q(f) its splitting field. Then

(1) The Dirichlet density of primes such that f decomposes into linear factors

modulo p is Wl)@
(2) The Dirichlet density of primes such that f has no roots modulo p is greater

than 0.

PROOF. Let Gal(f) be the Galois group of Q(f).

(1) By Proposition 5.3 the set of unramified primes such that f decomposes into
linear factors is equal to the set of primes with trivial Frobenius element in
Q(f)/Q. The Dirichlet density of these primes is given by Z Ggl( 7 = [Q(}):Q} :

(2) Let p be unramified in Q(f)/Q. If p is unramified, the polynomial f mod p
has no roots in F, if and only if no root of f in Q(f) is fixed by a Frobenius
element of p. Hence, we need to find an element g € Gal(f) that fixes no
roots of f. If such an element of Gal(f) exists, Theorem 6.1 guarantees that
the set of primes with Frobenius element fixing no root of f has a positive
Dirichlet density. For a root « of f let

Stabga(s) (o) = {o € Gal(f) : o(a) = a}
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be the stabiliser subgroup of . By the orbit-stabiliser theorem #Stabgai(s) () =

%l(f). Since every stabiliser subgroup contains the identity element and
sf

there is more than one root of f

| Gal(f)|
deg(f) -

Hence there is an element in Gal(f) \ U, 4 oot of 7 Stabgal(s) ().

# < U StabGal(f)(Oé>> < deg(f)

a a root of f

Definition 6.4 For an extension L/K of number fields, we define
Spllt(L/K) = {p 1 O : 3‘13\)3 fqg/p = 1} .
If L/K is Galois, Split(L/K) is just the set of primes of K that split completely

almost all
in L. In the following we will use the signs ahmostall ) C  to mean ‘equality

up to finitely many primes’ and ‘containment up to finitely many primes’. The
following theorem is an important consequence of Chebotarev’s density theorem:

Theorem 6.5 Let L/K be finite Galois and F/K an aribtrary finite extension of
K. Then

almost all
Split(F/K) C  Split(L/K) < LCF.
Before we prove this theorem we need a Lemma on the sets Split(L/K):

Lemma 6.6 Let K C F C L be finite extensions of K with L/K Galois and set
Gal(L/F)=H <G = Gal(L/K). Then

Split(F/K) “met |_| Pryk(Cy).

C,CG
CoNH#D

PROOF. An unramified prime p (in the extension L/K) of K lies in Split(F'/K)
if there exists P < Op with Blp and fy/, = 1. This is equivalent to saying Op /P =
Ok /p. Let P’ be a prime of L above B. This is equivalent to Frobgy/, = Frobg s €
H for any prime 9’ of L above 3. This is equivalent to the conjugacy class CFmbq}, Lo
having non-empty intersection with H and p € Pp/x(Frobg ). This argument
started with the assumption that p is an unramified prime of L/K, so it is valid for
almost all primes of K. ([l

PROOF OF THEOREM 6.5. Let M be a Galois extension that contains both L
and F':
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M
N = Gal(M/L) H = Gal(M/F)
L Gal(M/K) F

Gal(L/K)
K

By Galois theory the statement L C F' is equivalent to H < N, so we need to show

almost all
that Split(F/K) C  Split(L/K) is equivalent to H < N.
By Lemma 6.6

Split(F/K) ™™= | | Payx(C).

C,CGal(M/K)
CoNH#D

Split(L/K) ™™= | | Puyx(Co).

CoCGal(M/K)
CoNN#D

By Chebotarev’s density theorem each of the sets Py (C,) contains infinitely many
elements. So Split(F/K) aLlmOC_St " Split(L/K) is equivalent to
VC, C Gal(M/K),C, NH #0=C, NN #
< VC, CGal(M/K),C,NH #() =0 € N.

The last step follows because N = Gal(M /L) is a normal subgroup of Gal(M/K).
Any conjugacy class C, with non-empty intersection with H is equal to C; for an

almost all
element h € H. Hence finally we conclude that Split(F/K) C  Split(L/K) is
equivalent to H < N. O



CHAPTER 7

Class field theory

Let K be a number field, m < Ok, J™ and P™ the groups of fractional and
principal ideals of K mod m as in Definition 4.1.

Definition 7.1 A congruence subgroup H for m is a subgroup of J™ containing
P™. An extension L/K is a class field for (m, H) if the primes p { m of K that
split completely in L are exactly those that lie in H. If H = P™, we call such an
extension a ray class field modulo m and denote it by K™.

Example 72 I[f K =Q, m = (m) 9«Z and H = P™ = {aZ : « = 1 (mod m)},
then a class field for (m, H) is Q(uy,), where p,, is a primitive m-th root of unity
(see the proof of Proposition 5.38 or G2 in Exercise sheet 4).

The following theorem summarizes most important results in class field theory,
some of which were used in section 5. Unfortunately we don’t have time to prove it.

Theorem 7.3 (Artin, Takagi)

(i) Every finite abelian extension L/K is a class field for some (m, H).
(ii) Every (m, H) has a unique class field L. Moreover L is abelian over K.
(iii) Among (m, H) in (i) there is a minimal one, in the sense that other (m’, H')
have m|m’. The minimal modulus m is called the conductor of L/K. The
primes that ramify in L/ K are precisely those that divide the conductor.
(iv) Artin Reciprocity Law: If L/K is a class field for (m, H), then the Artin
map
o :J"/P™ — Gal(L/K), ©(p) := Frob,
is a surjective homomorphism with kernel H. (Note that since L/K is
abelian, the Frobenius Frob, is independent of the choice of P|p; see Remark

5.4.)

Corollary 7.4 (Kronecker, Weber) Every finite abelian extension L/Q is contained
in some cyclotomic extension Q(u.m)/Q.

PROOF. By Theorem 7.3, every finite abelian extension L/Q is a class field for
some (m, H), and every such H - by definition - contains P™. Hence Gal(L/Q) =
(J™/P™)/H is a subgroup of J™/P™ = Gal(Q(um)/Q), and thus L C Q(p,). O

73
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Of particular interest are a ray class field K9 and a class field Ko, for (O, Pr),
called big Hilbert class field and (small) Hilbert class field respectively, as
then by Theorem 7.3 the Galois groups over K are isomorphic to the ray class group
mod Ok (called the narrow class group) and the ideal class group respectively:

Cal(K9%/K)=C1°¢  and  Gal(Kp, /K) = Clg.

The Hilbert class field Ko, is a maximal subfield of K°% such that every real
embedding of Ko, extends to a real embedding of K©%. In particular, if K is a
totally imaginary extension of Q, then K% = Kp,..

FExample 7.5 Recall the example 2:

H

y Y
2

K =Q(v=23) |5 L

N /egree 3

Q

We showed that the only rational prime which ramifies in H is p = 23 and its
ramification degree is 2. Since p also ramifies in K, the extension H/K is unramified
and thus H is the big Hilbert class field for K. Moreover, since K is an imaginary
extension of Q, we also have

C3 = Gal(H/K) = Clg .




CHAPTER 8

Modular forms and irreducible 2-dimensional Galois
representations

In Corollary 5.19 we saw that for 1-dimensional representations Artin’s con-
jecture 5.16 holds. This is essentially because by class field theory these Artin
L-functions correspond to Hecke L-functions. The next case to study is Artin’s
conjecture for irreducible 2-dimensional Galois representations. In this case Artin’s
conjecture is still open, however much progress has been made in the 20th and 21st
century. The idea was to relate Artin L-series to L-functions of modular forms.

Below we define modular forms and explain their properties in a very concise
way, just so that we are able to relate them to Artin L-series. Therefore the reader
should consult other sources, e.g. [1] or [3], for further explanation.

Let N € Z~¢, x a Dirichlet character mod N and

Do(N) = {(24) € SLo(Z) : N|c}.
Note that we can view the character x as a character of the group I'g(N) by setting
X((¢3)) = x(d).

Definition 8.1 Let f: H — C be a holomorphic function on the complex upper
half-plane and k € Zso. For g = (¢%) € GLy(R) with det g > 0 we define

T+ b
(26) Pl (r) = (et )2 (er + ) (550 e .

cT +d
We say that f is a modular form of weight k, character xy and level N if
(27) fley=x()f forall ~€To(N)

and for every g € SLy(Z) there exists t € Z~o such that f|rg has a Fourier expansion
(28) flkg () =D agn)e’™™ 7/, ay(n) € C.

n=0
We denote the space of such functions by My(Lo(N), x). We say that f € Mp(To(N), x)

is cuspidal (or a cusp form) if in equation (28) ay(0) =0 for all g € SLy(Z); we
denote the subspace of cusp forms by Sk(I'o(N), x).

Remark 8.2
75
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(1) Note that the action of GLa(R)" := {g € GLy(R) : detg > 0} on f in
equation (26) is well-defined: for g = (2Y) € GLo(R)™ and 7 € H,

ar +b c
ST = -
g ct+d
Moreover for g, h € GLy(R) ™,
flegh = fleglrh .

(2) The condition (28) means that f is holomorphic at cusps of I'o(N). See
also [3, section 1.2].
(3) Every modular form f € My(To(N),x) admits a Fourier expansion
F(r) = a(n)e”™™ .
n=0
Below we write q := €™, 7 € H.
(4) It easily follows from (27) that the space My(T'o(N), x) is non-zero only if
X(=1) = (=)~

Example 8.3 A square of the theta function (1) =3, _, €™ s a modular form:
0% € My (To(4),x), where x is the unique non-trivial Dirichlet character mod 4. In
fact, 0(7) is a modular form of weight %

For a fixed N and k, with varying character y, the space of modular forms of
weight k£ and level N is finite dimensional. If we restrict to cuspidal modular forms,
it is a Hilbert space with the Petersson inner product given by

— dr
= T T)im (7 h_— .
o= [ SR )

In fact, this inner product also makes sense if one of the modular forms is not
cuspidal.

Every space My (I'o(V), x) enjoys the action of Hecke operators. The ones of
particular interest are the operators

T, :=To(N) (*,)To(N) = UFO(N)ai,

where p € P (is usually coprime to the level N) and «;’s are coset representatives
(finitely many). They act on f € My(I'o(N), x) according to the rule (26):

fleTy = Zf’k%’-

One can show that this action is independent of the choice of a; and takes cusp
forms to cusp forms. In fact the Hecke operators 7, are a commuting family of
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operators which, when ged(p, N) = 1, are normal with respect to ( , ). Hence by
the spectral theorem, the space Si(I'o(IV), x) admits a basis consisting of functions
which are simultaneous eigenfunctions for all the 7, with ged(p, N) = 1. In case
ged(p, N) # 1, the operators T, are not necessarily normal and thus the spectral
theorem does not apply. If f € Si(I'o(N),x) is an eigenform of all the Hecke
operators 7, with ged(p, N) = 1, we call it a Hecke eigenform. Knowing explicit
representatives «; for the 7, operators, it is easy to show that Fourier coefficients of
Hecke eigenforms with eigenvalues ), satisfy relations

(29) a(np) + x(p)p*'a(n/p) = Na(n),  ged(p, N) =1

where we set a (n/p) :==0if p{ n.

If we restrict S,(Io(N), x) to the so-called new space Si(I'o(N), x)™", then we
can find a basis consisting of eigenforms of all the Hecke operators. The new space
is defined as the orthogonal complement of Si(Io(N), x)*¢ with respect to { , ),
where Sp,(To(N), x)° is the space of oldforms defined by

STo(N), X)™ i= {g(D7) : g € Se(To(M), ), MIN, DI 7).

where 1 is a Dirichlet character modulo M that induces y. We have

Si(To(N),x) = Si(To(N), )™ @ Sp(To(V), ).

A Hecke eigenform in f € Sg(I'o(N), x)"*" satisfies a(1) # 0 and, normalising it so
that a(1) = 1, we call such a form a newform. A newform is automatically also
an eigenform of the Hecke operators T, for p | N. From (29) it follows that a(p)
equals ), the eigenvalue of f under 7). Moreover, since the Hecke operators are
commutative, the Fourier coefficients of Hecke eigenforms are multplicative. At p|N
we have

a(np) = Mpa(n) if p{n, and a(pn) =0 otherwise.

For f =37 a(n)g" € My(To(N), x) we define the L-series
L(f,s) = i @.

ns
n=1

This series converges for Res > k by the estimate a(n) = O(n**1). Now let Wy =
(y o) and consider g := fI[Wy = >°° b(n)¢". It is easy to show that g €
M. (To(N),X), and thus by the Mellin principle the completed L-function

A(f,s) i= N*2(27)"T(s)L(, )
has meromorphic continuation to C and satisfies the functional equation

A(f7 S) = ZkA(ga k — S)
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with (possibly) simple poles at s = 0 and s = k of residues ag and —by respectively.
If fis a newform, then L(f,s) may be written as an Euler product

1
Lif.s)=]] 1 —a(p)p=s + x(p)pk—1-2s

peP

It turns out that in the case k = 1 these L-functions are closely related to Artin
L-functions.

Definition 8.4 Let p be a representation of a finite Galois group Gal(L/K).
(1) We say that the represenation p is unramified at p <« Ok if p|y, is trivial.
(2) The representation p is odd if for any embedding of L into C and the corre-
sponding automorphism ¢ € Gal(L/K) induced by the complex conjugation,
det(p(c)) = —1.

Theorem 8.5 (Deligne-Serre, 1974) Let f € My (I'o(N), x) be a Hecke eigenform.
Then there exists a number field K and an odd Galois representation

that is unramified at every p t N, and for all p { N satisfies tr(pg(Frob,)) = a(p)
and det(pg(Frob,)) = x(p). Moreover py is irreducible if f is cuspidal.

By Chebotarev’s density theorem p; is uniquely determined up to isomorphism
by the condition tr(ps(Frob,)) = a(p) for p{ N.

Exercise 8.6 For primitive Dirichlet characters ¢, of modulo N1, Ny with ¢(—1)1(—1) =
—1 we define Fisenstein series

1
OV — Z L n
P =50(0) L, 0) + +Z Z|¢> w(n/m) | ",
where 0(¢) = 1 if ¢ = 1 and zero otherwise, similarly for 6(¢). One can show that
EPY € My(Do(N1Ny), ¢np) are Hecke eigenforms with Fourier coefficients a(p) =
o(p) + (p) for every pt NiNo. Hence by Theorem 8.5 there should be a represen-
tation p of a finite Galois group with tr(p(Frob,)) = a(p) for all p { NyN2. Find
it!
Example 8.7 The modular form
fas =m(r)n(237) = ¢ [ J(1 = ¢")(1 = ¢**)
n>1

is a Hecke eigenform in My(Lo(23),x) for some Dirichlet character modulo 23.
We showed numerically in the exercise classes that the Galois representation St :
Gal(H/Q) — GLy(C) from example 2 has the same L-function as fo3.
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Fairly recently the converse of Theorem 8.5 was proved:

Theorem 8.8 (Khare-Wintenberger, Kisin, 2004-2006) Let p : Gal(K/Q) — GLy(C)
be an odd, irreducible representation. Then there exists a cuspidal Hecke eigenform

f e My(Lo(N), x) of some level N and character x such that p = ps. In particular
L(K/Q,p,s) is entire.






[1]
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